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Part T, 

l7itro€lnctio7i, 

§ 1. Since the fundamental discoveries of WejerbteasSj much progress has been 
made with regard to uniform transcendental functions ; but the advances of modern 
mathematics appear to have included no attempt formally to classify and investigate 
the properties of natural groups of such functions. 

Consider, for instance, the case of transcendental integral functions v^^hich admit 
one possible essential singularity at infinity. They form the most simple class of 
uniform functions of a single variable, and yet of them we know, broadly speaking, 
the nature of but four types :~— 

(1) The exponential function, with which are associated circular and (rectangular) 

hyperbolic functions ; 

(2) The gamma functions ; 

(3) The elliptic functions and functions derived therefrom, such as the theta 

functions and Appell's generalisation of the Eulerian functions ; 

(4) Certain functions which arise in physical problems (such as .^r""'^ J^, (a:;)) whose 

properties have been extensively investigated for physical purposes. 

There are, of course, isolated examples of other types of functions ; yet, broadly 
speaking, except for algebraic polynomials, the four types just mentioned comprise 
the extent of our knowledge. 

§ 2. Take now an example of the first type of function, 

sink TT v'z 
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so that when z is very large, the approximate value of TI 
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That is to say, for all jjoiiits in the region of 2: ~ oo which are not at a finite 
distance from the zeros of tt"^ z^^ sinh tt ^z, this function admits what we may call 
the asymptotic expansion (27r)~^ z'~^ (f'\ and a similar property is true of all functions 
of the first class. 

I 3. Consider next the second class of functions. 

We have as the simplest example 
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Since the time of Stirling it has been known that, when z is a large positive 



integer. 
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r (z) = (27r)^ r-^ e '=' ^"^ • ^^+^ ''''-' 



approximately — the terms neglected involving exponentials of a lower order than 
those retained. 

In 1889 Stibltjes^^ proved that this asymptotic expansion is valid for all values 
of z in the region of ^ = 00 , excejjt those which are at a finite distance from the 
zeros of F"^ (z). 

By a different method it is possible to establish both Stieltjes' result and the 
analogous theorem that the double gamma function t 



IX' (z) ^ e 






00 00 



. z . n n' 

■»i[=:0 I'll. J — {^ 



(1 + ^ 



o o 



e 



■^*ik 



in which ft :=: mico^ + '^%^>3, admits the asymptotic expansioi 
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This expansion was shown to be valid for all points in the plane of the complex 
variable z near infinity, which are not at a finite distance from the zeros of the 
integral function F^^ {z), 

A similar theorem is true for multiple gamma functions. 

§ 4. As regards the elliptic functions and the integral functions associated with 
them which constitute the third type, there are no points in the neighbourhood of 
infinity which are not at a finite distance from the zeros of the function and no 
asymptotic aj^proximations are known to exist. 

^ * Liouville ' (4), vol. 5, pp. 425-444. 

t See a paper by the Author, ^ Phil. Trans.,' A, vol. 196, pp. 265-387. 
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§ 5. The best known example of the fourth type is Bessel's function 






\ 4>.vi 



It is evident that ^""^^ J^^ {z) is a uniform integral function. 

The investigations of PoissoN",'^^ Stokes, t Lipsghitz,| and Jordan, § have finally 
led to a rigorous demonstration by the latter that asymptotically, when n is real, 

._!. c^-n-i COS < z — [n + "D -- >, when ^ {z) is positive, 

and z~^^ J,, {%) = a/ -^ e^'" + ^- ¥ ^ - « - ^ cos \ z + (n + |-) ,- I , when % (z) is negative. 
The complexity of this result is reduced by the transformation — zr" = t or z = i \/H^ 



r 



which gives z '^J;^ (2:) == S -zr^ — ^-z 7T-:^~r r^ an integral function of t 

And now we have for the asymptotic value of r^"~"'' J,, {z) the unique expression 

2« + l 1 (...) 

which is valid for all values of arg t between — ?i" and it. 

This shows at once that z~""Z,i {z), qua function of t^ has no imaginary roots which 
are not at a finite distance from the negative part of the real axis. In point of 
fact, these roots are known to be real and negative when n > — 1 1|. Hence the 
asymptotic expansion for 

n — TTf/i _ ,1X1 —, '^ iP' 



22^' + ''' V (ji + 1) r {fi + n + 1) 

is valid for all points in the neighbourhood of ^ =: 00 except those which are at 
a finite distance from the zeros of the function. 

§ 6. The question now forces itself upon us :-—-" Do all integral functions oj a 
single variable z admit asymjytotdc apjyroximations in tJiP. domain of z-=:=-^ , whieli are 
valid for cdl points but those which are in the wimediate vicinity of the zeros of the 
functions ? 

* PoiSSON, 'Journal de Tficole Polyt.,' vol 19, 1823, pp. 349 et seq. 

t Stokes, 'Camb. PMl. Trans.,' vol. 9, 1856, pp. 166 et seq, 

J LiPSCmTZ, 'Orelle/ vol. 56, pp. 189 et seq. 

§ Jordan, 'Cours d' Analyse,' 1896, vol. 3, pp. 254-274. 

II When n is negative and between m and m + 1 in absolute value, there may be a finite number (2m) 
of imaginary roots of ^'"'^Jniz), but these are not associated with the essential singularity, ty. Mac- 
DONALD, ' Proe Lond. Math. Soc.,' vol. 29, pp. 575-584. 
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The present memoir is devoted to the answer of this question ; and the question is 
closely connected with other subjects of enquiry. 

§ 7. Soon after Wjeiekstrass, in 1876, published his great theorem relating to the 
formation of uniform functions with assigned zeros, Laguerre remarked the funda- 
mental nature of the number of terms in the exponential function which is necessary 
to form the " prime factor." The number was by him termed the " genre '' of the 
function ; and the questions at once arose :— 

'^ Is the genre of a function equal to the genre of its derivative f^ 
^* Is the sum of two functions of the same or different s:enre a function of P^enre 
equal to the common genre or equal to the larp^er sfenre respectively ?" 

§ 8. Again, by Rolle's Theorem it is known that the real roots of any algebraic 
equation, <^ (x) = 0, separate, and are separated by those of (j)^ (x) = 0. 

Is this true when ^ (x) is an integral function ? 

Closely connected with this enquiry is the further one :— '^ If the roots of (f)(x) = 
are all real, are those of <j>^ (x) := real, in the case when ^ {x) is any integral 
function ?" 

Again, it is evident that the more quickly the zeros of an integral function increase, 
the more quickly will the Taylor^s series for the function converge. Can any con- 
nection be discovered between the magnitude of the coefficients of the Taylor's 
series and the expression for the zeros of the function it represents ? In other words, 
if w^e are given the general term of the Taylor's series for an integral function, can 
we approximately determine the nature of its zeros V^^ 

All these questions fundamentally depend on the asymptotic approximation for the 
function. The nature of the latter serves to classify the nature of the integral 
function. 

History of the subject, 

§ 9. As already remarked, WEiERSTRASsf founded the theory of transcendental 
integral functions by constructing functions with any assigned zeros. Laguerre| 
invented the term ''genre'' to denote the number of terms in the exponential 
associated in the prime-factor — and for functions of genre and 1 proved that the 
real roots of the transcendental integral function ^ (a:) == are separated by those of 

<f>' (x) = 0. 

1 
He also proved, as Hermite§ had previously proved for --- , that if the roots of 

if) (^x) = are real, those of <j)' (x) == are real, provided ^ {^) is of " genre " or 1. 

^ This question is not formally considered in the present memoir, as the expansions which are obtained, 
although they will give closer inequalities than any hitherto published, must be still further developed 
before inequality can be replaced by that asymptotic equality which alone would be a complete solution 
of the problem* 

t Weierstrass, *^ Zur Theorie der eindeutigen analyt. Funct.," * Gesamm. Werke,^ vol. 2. 

t Laguerre, * Compt. Rend.,' vol. 94, pp. 160-163, 635-638; vol 95, pp. 828-831 ] vol 98, pp. 79*-8L 

§ Hermiti, * Crelle,' vol. 90, p. 336. 

VOL. CXCIX.— A. 3 H 
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His principal proposition is^ ' If, as z tends to oo ^ a very great value of \z\ can be 
found for which the limit of 



z ^^ 



tends uniformly to the value zero, then ^ (z) is of genre n! 

Shortly afterwards, Poii^CARe"^" gave further criteria for the genre of a function, and 
made the important step of pointing out that the near connection between the genre 
of the function and its behaviour near infinity lead to an approximate determination 
of the magnitude of the general term of the Taylor^ s series for the functiouo 

After a succession of notes by CESARO,t ViVANTirj; (w^-ho proved that the derivative 
of a function is of the same genre as the function itself), and Heb.mite,§ the subject 
remained in abeyance until Hadamard,|| in a memoir crowned by the French 
Academy, gave a valuable extension of PoiNCARif s results. 

The latter had proved that in the Taylor's series for an integral function of 
genre E, the coefficient of x'"^ multiplied by the (E + l)^^' root of m ! tends to zero, as m 
indefinitely increases. 

Hadamard proved that, if the coefficient of x''^ is less than ( — - j'^ , the function is, in 

general, of genre less than X. He also showed that when the coefficient of xf is of 

order ( — 1^ , where X is not a,n integer, the function represented by the series is of 

genre E, designating by (E + 1) the integer immediately superior to X. 

Finally, BoREL,f continuing Hadamard's researches, introduced a more precise 
notion than that of genre (f § 12), and attacked the difficult problem of functions of 
infinite order whose convergence is very slow. 

\]^ote. added March 20th^ 1902,] In his recent text-book, ^^ Legons sur les 
Fonctions Entieres,"^"^ Borel has given a valuable precis of our present knowledge of 
integral functions. And a paper by MELLiNff has recently come to my notice, which 
should be carefully read by all interested in the subjects with which the present 
memoir deals. 

§ 10. The present contribution to this interesting theory differs from previous 
investigations in that it is shown to be possible to substitute actual asymptotic 
equalities for the inequalities which have been previously obtained. 






* PoiNOARE, 'Bull, des Sciences Matli,,'voL 15, ppo 136-144. 

t Cesaro, *Compt. Rend.,^ vol. 99, pp. 26, 27. 

X ViVANTi, * Battaglini,' vol. 22, pp. 243-^261, and 378-^^380; vol 23, pp. 96-122; vol. 26, pp. 303-314. 

§ Hermite, ^ Battaglini,' vol. 22, pp. 191-200. 

II Hadamard, *Liouville^ (4), vol. 9, pp. 171-215. 

% BoREL, ' Acta Mathematica,' vol, 20, pp. 357-396o 

"^■^ Paris, Gauthier-YillarSj 1900. 

ft Mellin, * Acta Societatis Fennicae,' 1900, vol. 29, No, 4 

[XX Mellin has obtained results of this nature»] 
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The memoir deals almost exclusively with simple integral functions of finite or Eero 
order (vide the definitions of the succeeding paragraphs.) 

I reserve the consideration of functions of infinite order, and also the results which 
I have obtained in connection with functions of double or multiple sequence. The 
latter form a self-contained theory, which is a natural extension of the investigations 
of the present memoir. The consideration of the asymptotic expansion of integral 
functions defined by a Taylor's series is also postponed, although certain noteworthy 
extensions of Hadamard's results can be at once deduced from the present theory.^ 

My thanks are due to Professor Forsytpi for the kind way in which he has 
supplied me with references and criticism^ 

The Qlassificcition of Integral Functions. 

8X1. An integral function we define to be a uniform transcendental function with 
no poles, and a single essential singularity at infinity. [Sometimes it is convenient 
to include algebraic polynomials.] An integral function is thus the same as a 
holomorphic function, to use the translation of Cauohy's name ; it is the equivalent 
of the French ^'fonction entim^ej^ and the German " gcmze FtmhtionJ' Every mero- 
morphic function can be expressed as the quotient of two integral functions. 

The most simple integral function can be written in the form 



00 



gHw n 

n—l 



p«ri I / . .,^ 



1 — — U' 






where H {z) is an integral function of z^ where the zero a^ depends solely upon n and 
certain definite constants, and where the law of dependence of a^ upon n is the 
same for all zeros. Such a function we call a simple integral function with a single 
sequence of non-repeated zeros. The law of dependence may be broken for a finite 
number of arbitrary zeros in the finite part of the plane. The existence of such zeros 
is equivalent to the multiplication of the transcendental function by an arbitrary 
polynomial coupled possibly with an exponential function of the type e^^^\ where 
p {z) is another algebraic polynomial. Such terms do not substantially alter the 
character of the function. 

Functions of the type e^^^'\ where H {z) is an integral function, belong to a class 
apart. The integral finiction which we consider we shall suppose to be deprived of 
such extraneous factor. 

"^ The present memoir was largely written during the summer of the year 1898, In consequencCj and 
in spite of rigorous revision, results may sometimes appear to be tacitly claimed as new which have since 
"been published in papers to which reference is made in connection with other investigations of the 
memoir. 

3 H 2 
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The standard reduced simple integral function with a single simple sequence of 
non-repeated zeros is thus 



'X> 



n 

n = l 






We shall call this briefly a simple integral function. 

CO 

§ 12. The quantity p,, is the smallest integer such that the series S cQ^" is 

absolutely convergent. When the convergency of the series can. be assured by 
taking for pj, some number jj independent of n, the function is said to be of finite 

genre^ p. In this case, if p is a real positive quantity such that t iy+, 

CO I 

converges and 2 ji.-, diverges, however small the real positive cpantity e be, 



n=l 



C^n 



the function is said to be of o^rlert p, and p is called the convergence-exponent\ of the 

111 

series -- , , . , , , — , . . . It is sufficient that the function a,, depends uniquely 



o.i ^3 a,, 



upon n ; if we put a,, = ^ (n), the quantity ^ (n) is not necessarily a uniform function : 
it may be a definite value of some multiform function of ii, 

§ 13. When there is no finite quantity p which will make the series 2 



n=^l ^''n 



co]iverge, the function is said to be of infinite genre and infinite order. The con- 
vergency of the series can, as Weierstkass first showed, always be obtained by 
taking p ^ n> A theorem due to Cauohy proves this at once, since 



L^ A./ 
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0. 



It is equally sufficient to take p = log n, for then t " logTi = ^ "i^Tari ^ ^i^d the 



H = l 



f^M 



latter series is convergent, since j a, \ increases indefinitely with n. 

But a smaller number still is a sufficient value for p, namely, the greatest integer 

contained in ^^^^f--^ where € is any positive quantity as small as we please. § 

log|a«| 

The great difficulty in the theory of asymptotic approximations for functions of 
infinite order consists in finding the minimum value of p. I do not intend to consider 
such functions in the present memoir. Functions of the type (^^\ where H {z) is 
holomorphic, are of course integral functions of infinite order, 

§ 14. It is evident that if a,, does not increase more quickly than some (possibly 
fractional) power of 7^, however small, the associated integral function will be of 

"^ Eaguerre, 'Comptes Eendus,' vol. 94; ' ffiuvres/ vol. 1, pp. 167 et seq. 

t BOREL, ' Acta Mathematica,' vol. 20, p. 360. 

t VON SCHAPER, ^ Hadamard'schen Functionen/ p. 35 ; BoREL, ^ Fonctions Entieres,' p. 18. 

§ BoREL, ' Acta Mathemati.ca/ vol 20, p, 360.. 
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infinite order. On the other hand, if a,^ increases faster than any algebraic power of 
n, however large, provided it be not actually infinite, the function is of zero order. 
In other words, functions whose order is ^' finite both ways," to use De Morgan's 
phrase, have zeros which are to a first approximation algebraic. 

The zeros of the function are said to be actually algebraic when they are given by 



C?-^/ — CqiI/ 



■'11 



C| , C'Q 



1 + -^ + -^ + . » . 



when p is of course positive and rational, the c's are constants, and pi, p^^ * * * are 
in ascending order of magnitude. 

It is now evident that we can form a scale of integral functions ; thus, in between 
functions with the algebraic zeros 



a,, = 7f% where p.> > p^, 



aj, = n^' and 

will come functions with zeros like 

n^' log; ??, n^' log n . log log n and so on."^^ 

Such functions we call simple integral functions of finite order with a single 
simple transcendental sequence of zeros; or, in brief, functions of transcendental 
sequence. 

Thus 



00 

n 



i "-p 



(n log ny 



is a function of transcendental sequence of order -|- and genre zero. 

§ 15. Functions of zero order, which must always be of transcendental sequence. 



z 

can be classified in the same way. The most simple is IT i -|- --^ 

■mm 

Then we consider functions whose zeros are obtained by multiplying &' by an 
algebraic function of n. The next step is obviously to introduce intermediate 
functions by means of logarithmic terms, and so on. Then we introduce functions 
formed from sets of zeros of still more emphatic convergence, such as 



00 

n 



Z 



1 + '^^ 



The range is obviously limitless. 

§ 16. It is worth noticing that the density of the zeros along the (possibly curved) 
line on which they lie, decreases with the increase of the convergence of the function. 
The zeros of the higher functions of zero order have therefore a density which 
becomes less as we go higher. The conception of the density of a function is perhaps 
the most easy w^ay of intuitively classifying it. 

■^' Tlie analogy of the I)e Morgan and Bertrand scales of convergence is almost too obvious to need 
mention. 
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The investigation of the character at infinity of the zero-hiies of simple integral 
functions belongs to the theory of functions of real variables. I do not propose to 
undertake it here. It is, however, evident that such lines cannot curl round 
infinity when they belong to functions of finite non-zero order with algebraic zeros :''' 
they approach this point in a line which becomes ultima^tely straight. 

S 17. A function with a finite number of simple sequences of zeros can evidently 
be built up of a number of functions, each with a single sequence of zeros. 

The function will thus have a finite number of lines of zeros tending to infinity. 
• When the zeros of a function of order p are all of the same character and form m 
lines symmetrically ranged round the origin, the function will be equal to a function 

of i (^ z'"") of order ■— « 

Thus a function of order |- with the sequences 



a 



-"n 



a. 



!f 



n 



a. 



tff 



n 



n^ 



(jdW 



S where (<^ = 1, 



9 



00 

is given by the product II 



n=l 



1 



^/O 



ov- 



which, considered as a function of z^^ is of order ~ 



§ 18. A function, each of whose zeros is repeated a definite number of times, 
h (say), is substantially the /c^^^ power of a function with the same sequences of non- 
repeated zeros. 

When the n^^ zero of a function of simple sequence is repeated a number of times 
dependent upon n, we call the function in brief a simple repeated Junction. We 
can obviously have repeated functions with any number of sequences of zeros. We 
may, as before, limit our consideration to a function with a single sequence of zeros ; 
such a one may be written 



F(^) 



CO 



n ^ I. 



1-f- 






m. 



\ Or, J 



m 



e 



a 



n 



The quantity fi,, must, in order that the repetition of the zero may not be meaning- 
less, be an integral number depending upon n ; but, if we take the principal values 
of the ensuing expressions, it is evident that v^e may get a generalised repeated 
function by regarding fjL,f as a general function of n. 



f^u 



The quantity pn must be so chosen that S '""" is conver4!"eirfc. 



Wr-l (-% 



ft, P« 



* This statement does not deny that they can curl a finite number of times in the finite part of the 
plane. 
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We must then, in general, have Jjt 



fl 



n 



n 



CL 



fhi 

n 



On 



; that is to say, a,,'' jx^~"^ must 



increase indefinitely with n. We can no longer assign log r?. as a value for p,,, which 
is always sufficient to ensure convergence^ as was the case with simple non-repeated 
functions. 

§ 19. It is evident that we may regard the value of p for which, e being a small 
real positive quantity, 

% "-^'p+e is convergent and S T^p-e is divergent 



n=l Cf'n 



n- 



1 CI, 



n 



as the order of the repeated function. When p is an integer, the order is equal. to 
the genre : in other cases the genre is the integer next greater than p. 

If the order is not infinite, and the sequence of zeros to a first approximation 
algebraic, /x,^ must be algebraic also. 

Suppose that 



Xj6 



ti— 00 



CV'ij 



W 



JL ancj. . X-jy „ ■ ' X 



14=00 



7h 



then, we shall have for the determination of p^^, pp^j, — cr > 1, or p^ > (or 4~ l)/p- 

Repeated functions of infinite order will not be considered in the present memoir. 

§ 20. Hitherto we have limited ourselves to integral functions which possess a 
finite number of simple sequences of zeros. But we have not thus exhausted the 
category of integral functions. Instead of the typical zero being a definite function 
of the single number necessary to define its position in the series to which it belongs, 
it may be a function of two or more numbers and belong to a doubly or multiply 
infinite sequence. In such case we say that the function is a double or multiple 
integral function. 

Thus the Weierstrassian a function is a double integral function, and another 
function of the same category is the double-gamma function to which reference has 
been made in § 3. 

The multiple integral functions always have ultimately a lacunary space"^ in the 
region near infinity. In the case of Weieestiiass' <t function, this lacunary space 
covers the whole region near infinity ; for the double-gamma function this space lies 
between the negative directions of the axes of o)^ and o)^. 

By a well-known theorem due to Jaoobi,"!" functions of treble or higher sequence 
with periodic zeros cannot exist. This theorem, may be extended, and we may prove 
that there must, in functions whose sequence is greater than double, be such relations 

* The 2:eros will, of course, only crowd together indefinitely on the equivalent Neumann sphere. The 
possibility, or otherwise, of summable divergent expansions is the reason for the nomenclature, 
t ' Ges. Werke,' vol. 2, pp. 27-32. 
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among the parameters that the region near infinity is not ultimately a lacunary 
space. The parameters are, of course, the constants which enter into the expression 
of the general zero in the form 



a.. 



wl? n% * ' 



Y \^J5 '^%? . « ./. 



Such functions have been scarcely considered in analysis. The ti^^® gamma function 
is the most simple example which it is possible to give. The theory requires develop- 
ment, since from quotients of multiple integral functions can be built up the general 
solution of a linear difference equation. 

It is to be noticed that, by the coalescence of the parameters, multiple integral 
functions give rise to functions of lower sequence with repeated zeros. Thus the 
function"^ 






Ak 






k 



arises from, the double gamma function when the parameters a)i and o)^ each become 
equal to unity. 

The separation of multiple functions into functions with repeated and non-repeated 
zeros and their classification would be carried out on parallel lines to the process 
adopted for simple functions. As, however, detailed developments of the asymptotic 
expansions of such functions are not investigated in the present memoir, I do not 
intend to consider such functions further. 

It has been already observed that by the substitution of z"^ (?/^ integral) for 0, we 
derive from any simple integral function a function with m times as many sequences 
of zeros. The substitution of e^ for z will transform a simple function into one of 
double sequence. [An example of this is given subsequently (§ 62), where Lambekt's 
function is derived from one of simple sequence,] By transformations of greater 
complexity we may evidently construct functions of limitless range. 

I 21. We are still far from exhausting the category of integral functions. For 
instance^ we may have ring functions, that is to say, functions whose zeros are 
situated on concentric circles : the number of zeros on the n^^^ circle depending upon 7?. 

We can readily see that such a function is eiven by the product n 1 — ^ 7— -- > 

where x(^0 ^^ ^ function of n which is equal to an integer for all values of n^ and 
where, iix{n) = r. inversely n =: \}j ('?•), and 



L^ 



r=oo 



^'(f>lyjj{rl 



■sAarf* 



For, the product will converge with 



00 

n 



I 



■Z 



x('0' 



L 4> (^') 



"^" See a paper by the author, * Quart. Journ. Math.,^ vol. 31, pp. 264 ei seq. 
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the first k — - 1 terms for which 



Exp. 






(f) (n) being omitted. Thus it converges with 



CO 



- t % — I - 



-iu— 1 n=k 



m 



L («) 



The modulus of the term inside the bracket is less than 



00 00 

m ~- 1 n = I' 



■j> (n) 



rax ^^) 



CO 



< t 



■y. 



4> {n) 



X i'^) 



cj)(n) 



X (H) 



Now 1 



^, 



<p («') 



X («) 



(n := h, k -^ 1 . . . CO ) has for its greatest value a finite positive 

X («) 

converges, which is 



</>W 



quantity A (say). The j)roduct then converges if S 

ensured by the condition assigned at the outset. 

The function whose existence has thus been estabhshed has x(^0 ^^^'^^ <^i^ ^ circle 
of radius | ^ (n) | . If, since the assigned condition makes the order of (jy (n) greater 
than that of)/ (n), the zeros will ultimately be separated by arcs of infinite length. 

§ 22. A little ingenuity will enable us to construct other functions of types 



'' a croissance irre- 



innumerable, among them what Borel has called functions 
gulierey^^ The survey gradually forces upon us the conclusion that we cannot 
expect to find any general law as to the behaviour of all integral functions near their 
essential singularity which is not a disguised truism, f MM. Hadamard:}: and Borel 
have given laws relating to the increase of all integral functions. It seems to me that 
such laws must be limited to j)articular classes of functions, and that such delimita^tix^n 
cannot be stated too explicitly. Consequently in this memoir I have taken the most 
simple functions and have endeavoured to study in detail their behaviour near the 
essential singularity, for I believe that by such means the progress made will be sure, 
if slow. 



"^ Borel, ['Fonctions Entieres,' Note III.], gives an example of such a function in the form of a 
Taylor's series. 

t Such a term I should apply to M. Borel's law "the maximum value' of a function is ec{ual to the 
inverse of its minimum value on an infinite number of circles at infinit3^" For this law is an immediate 
consequence of the possibility of asymptotic expansions {see Part II. of this memoir). 

X Osgood (' Bulletin of the American Math. Soc.,' Nov., 1898, note, p. 80) states that the analysis used 
to prove Hadamard 's most general law requires revision. And it is to be noted that Hadamard 

J" 
(' Liouville, 4 ser., t. 9, p. 173) assumes that c/)(m) is continuous, increasing, and such that L</>(m) -f 

m 

constantly increases ultimately. 
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.^k5. 









The Theory of Divergent Series, 

§ 23. The development of the theory of divergent series is an interesting instance 
of the progress of mathematical thought. The beginning was pu'rely arithmetic : to 
find some approximation to the value of ^n !, where n is a very large integer/^^ In the 
result it appeared that the value of log n 1 could be more and more nearly calculated by 

. 1 r - 
adding- on successive terms of a series proceeding: by powers of -\ The error is of the 

order of magnitude of the term of the series next after the one at which w^e stop. 
And, most important fact of all, the series is divergent. 

If n ! be replaced by V {n + 1), a similar result can be obtained, which holds for all 
real positive values of n. 

Finally, there comes the enquiry as to what meaning, if any, can be attached to the 
equality in the case in w^hich n is any complex quantity » 

Other approximations undergo the same process of developm.ent, so that it becomes 
necessary to try and construct a formal theory. 



at we may call the arithmetic theory has been given by I-^oiiSrcARE,t for the 
case in which all the quantities involved are real :— a restriction which the author 
subsequently assumes to be unnecessary. 

For the more extended case, when z is any complex quantity, we may say that the 

divergent series cXq + "7^ + . . » + -^' + - — of which the sum of the first [n -{- 1) 



terms in S^^, will, when 



A/ 



is very large, be an asymptotic expansion for a function 
I {z) if the expression | z'^ (J — S,,) | tends to zero^ as % tends to infinity. 
Thus, if z be sufiiciently large, | z'^ (J — S,^) | < e where € is very small 
The error J — S« = 



- S^^ •=. ejz"- committed in taking for the function J the first n -^ 1 
terms of the series has a modulus which is infinitely smaller than the modulus of the 

error J-— S;,_i =' an + ^1^'^ obtained by taking only the fi..rst n terms, for 



a. 



IS m 



general finite, and \e\ is very smalL 

In view^ of subsequent results, it proves necessary to define the equality of the 
function and divergent series for values of z which lie along som.e definite line tending 
to infinity. We do not then assume that the expansion is possible all round the 
noint 2; :== CO „ 

It will be sufiicient to recapitulate the results which Poincabe obtains. 

We may multiply two asymptotic series together by the same rules as we should 
apply to absolutely convergent series. 

* Stirling, ' Methodus DifFerentialis ^ (1730). 

t ' Acta JMathematica/ 8, pp. 295--344; ' Mecanique Celeste,' vol. 2, pp, 12-14. ' 
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In particular, we may raise an asymptotic series to any finite power, and it will 
then represent the corresponding power of the function represented by the original 
series. 

The term-by~term integral of an asymptotic series is equal to the integral of the 
function which it represents : in brief, we may integrate an asymptotic series^ 

In general, we may not differentiate an asymptotic equality. 

[Nevertheless, we may differentiate most of the expansions which arise naturally 
in analysis, and are not constructed artificially. 

Similarly, if an a.symptotic equality involves an arbitrary parameter, we may not 
in general (but we may fairly safely in practice) differentiate with respect to that 
parameter. 

Such are the main propositions of the arithmetic theory of asymptotic expansions. 

The difficulties inherent in the theory are ob^^ious when we attempt its application. 
We have, in all cases, to investigate a superior limit to the remainder of the series 
after the first (n +1) terms have been taken ; and, to do this, v^e must have 
command, even for the most simple cases, of analytical processes of great complexity 
and power. 

§ 24. We proceed then to consider these series from the function-theoretic point of 
view. 

That is to say, on the one hand, we attempt to give a definition to a divergent 
series which shall harmonise with the development of Weierstrass' theory, and on 
the other, V7e enter more deeply into the nature of the essential singularity of the 
function of which the divergent series is the expansion. 



luppose first that we have a series aQ + ^i ^ + • • • + <^m ^'' + • — of finite radius 
of convergency p, so that by Catjchy's rule, L^ '\/ci„ ::=: p^^. 

n=ca 

When \z\ is greater than p, the series is divergent and our fundamental conception 
of a series as a command to add in order successive terms leads to no result. 

And yet, if the function which the series represents be not one which has the circle 
of radius p as a line of essential singularity, the function exists outside this circle, 
and admits an analytic continuation. Thus the function exists even when the series 
is divergent. 

Can we not then regard the series when divergent as a command to perform certain 
operations which shall yield the analytic continuation of the function ? We can do 
so, and in an infinite numb6)r of ways. 

The most simple is, perhaps, given by an extension of a process developed by 

BOREL.^ 

Let the plane of the variable x be dissected by some line going from to oo to the 
right of the axis of y, 

* ^'Tlieorie des s(^ries divergentes sommables," 'Liouville/ 5 ser., t. 2, pp. 103 et seq. " M^moiro ^ur h^ 
series divergentes," Ann. de FEcole Norniale Superieure, 3 Bar., t, 16, pp. 1 et seq. 
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This line of section will render (— X')-"^ ™ e^''~"^^^''^'^'"''Huiiforni, and we shall take 
that value which is real when x is real and negative. 

Then it is known that^^ 




in Avhich c 



v{e) 



2 sin ivd 



(— xY'~'^e -^ dx 



where the contour of the integral embraces 
the line of section as in the ficQfure. 



From the original series 



cAy 



and an au.xiliary function 



1 



d being any arbitrary quantity— construct the function 



r {n + 6) 

G {x) = cIqC^ + a^Cj^x ■+.,,+ a^Ai^f + . . 

This function will be an integral function, for 



T / / 



n ~ CO 



l^t 



n — o) 



71 , 



6 



n/ 



v/ T (n + ^0 



Id 



Consider now the integral 



2-»;^4 «(-)«"'■ (--■)-'''- 



This integral is equal to 



r CO 



2 sin -n-O 









e~-' ( — xy~^ dx, or 



0. 



00 



71=0 



That is to say, when 






< p, the integral represents the same function as the 
original series. For all values of \z\, the integral, provided it has a meaning, repre- 
sents the analytic continuation of the series. And if, when the series is divergent, we 
regard it as a command to perform the processes which lead to the integral 

^ , G ixz) er'' (— X')^"""''' ^'^^ 

2 sni ird ] ^ ' 

we shall obtain a conception of such a divergent series which is in harmony with 
Weierstrass' theory of functions. 



"^ See a paper by the author, ' Messenger of Mathematics,' vol 29, p. 105. 
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§ 25. We now enquire whether the domain of existence of the integral is coextensive 
with the domain of existence of the analytic function defined by the original series. 
Just as the series ceases to define the function by becoming divergent, so the integral 
may cease to be an adequate expression by becoming infinite. 

Consider the series 1 + ^ + ^^ + • • • + 2^'' + • • • 

The '^ sum " of this series, when divergent, is represented by the integral 



2 sin ird . 



^ ( ,->i.«' \» 



G (xz) e^^ (— xf~^ dx, in w4iich G {xz) zrz: % 



n 



:o V Qi + ey 



and the integral is taken round some contour embracing an axis in the positive half 
of the 0-plane, 

Make now $ tend to unity. Then G (xz) becomes e/% and the integral becomes 

0-^(^'^) dx^ taken along some line in the positive half of the ^^-plane. 

" 

Suppose now that x = pe'^, 2; = 1 + re''^ where 6 and ^ are both in absolute value 
not greater than tt. Since the axis of the integral lies in the positive half of the 

^^-plane, -- — e > <9 ^ ^^^ + ^? v/here € is a positive quantity as small as we please. 

The amplitude ofx(z — 1) is + (f), and that the integral may bo finite this quantity 

must be such that 3^ (2; — 1 ) is negative. Therefore ~^- > ^ + ^ > 9 or -— 7^ > ^ + c^ > — ^ . 

These conditions can always be satisfied by values of 6 within the assigned range, 
if (^ does not lie between or at the limits of the range bounded by e and ■— e. 
We thus see that the function 1/(1 — z) is represented by the series 

1 + ^ + ''^^^ + • • . + ^^' + . . . 
within a circle of radius unity ; and by the integral 



2 sill ttO 






e ^ {'— xf'^ dx 



for all values of z except those which lie on that part of the real axis between the 
points 1 and 00 . 



CO ,.,■//, 



§ 26. Shiiilarly the series % -~~~-^- or its integral equivalent when it is divera^ent, 

will represent — z~^ log (1 — z), provided z does not lie on that part of the real axis 
betw^een 1 and cx) . And the same is true of (l — z)~"'' and its equivalent series, when 
m is not necessarily an integer. These statements form easy examples which the 
reader can at once work out for himself 

It is interesting to notice that the lines from the singularities to infinity intervene 
to give uniformity to the non-uniform functions to which divergent series may 
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" sum." Thus the diverffent series % — --^^■-^- represents the non-uniform, function 

^"™^ log (1 — z)^ which becomes uniform when a cross-cut is made along the real axis 

from 1 to + ^ " 

I 27. Suppose now that we have any function with singularities lying outside 
a circle of radius p^ within which the function is represented by the convergent series 



^.. ^,£;^,4, -p ^ ^ ^ —p l^l,^.,^^^ 



We may join the singularities by straight lines to infinity , each, line being the 
continuation of the ~ direction from the origin to its initial point. Then within the 
simply connected area thus formed, we may replace the function by a set of integrals 

of the type 

2 sm td ] ^ ^ ^ ^ 

Which we can therefore regard as t-he " sum " of t.he divergent series within the 
region in question, whenever this set of integrals has a .meaning. 

Although in general this will not be the case, we can nevertheless, if the function 
represented by the series has on,iy a finite " number of • poles outside its circle of 
convergence and within a circle of finite radius o\ greater than the radius of conver- 
gence p, split up the given series into a sum of. ot,hers each of which, except the last, 
will be divergent, but capable of being represented by an integral of the foregoing 
type, while the last series is convergent within this circle of radius <t. The circum- 
stances under .which the whole series can be represented by a definite integral over 
the region of its existence I hope to discuss elsewhere. The problem is bound up 
with the determination of the number and nature of t-he singu.larities of a Taylob's 
series , and is, therefore, connected naturally with the researches of I3ae,boux,* 

HABAMABD.t BOBEL,;|; FaBEY,| Le EoyJ LlMDELOF^f and ljR.kX]f^* 

§ 28, So far we have been concerned with the sunnnation of divergent series of 
ascending powers of z which, are convergent for sufficiently s.mall values of \z\. We 
will now define asymptotic series as those which are divergent ^ however small | z 
.may be, and we proceed to consider their summatioiu 

At the ' outset we can see that the problem is essentially different from the one 

"^* Darboux, 'Lioiiville' (1878), 3 ser., t, 4, pp, 5-56, S77 4-16, 

t H4DAMARD, 'LiouTille' {1892), 4 sen, %, S, pp. 101-186. 

I BoEEL, 'Comptes Eeiidus/ October 5 and December 14, 1896; December 12, 1898; ' Acta Math c- 
matica/ 21 ; ' Liouville' (1896), 5 b6t,, t. 2, 

§ Fabry, ^Ann. de FEc. Nor. Sup/ (1896), 3 ser., t. 13, pp. 367^399; ^4cta .Matliematica' (1899), 
t. 22, pp. 65-87; ^Liouville ' (1898), 5 s4r., t. 4, pp. 317-358. 

II Le Roy, ' Oomptes Rendus,' October 21, 1898, and February 20, 1899, 
% Ltndilof, * Acta Societatis Fennicae,' 1898. 

' *^ LlAlJ ^LiouTille' (1899), 5 s6r., k 5, pp, 365-425. 
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just considered. Instead of the process of summation leading to the same result, 
whatever the nature of the integral process chosen, we can obtain an infinite number 
of results, each associated function leadino; to a different function, of which the o^iven 
series may be regarded as the asymptotic expansion. For when the divergent series 
is convergent for sufficiently small values of 1 2^ ] , it defines a function over that area 
of convergence, and any summation process can only lead to the analytic continuation 
of a definite branch of that function. But a true asymptotic series has no area of 
convergence, and any meaning which we care to attach to it will harmonise with 
Weierstrass' theory of functions. 

The essential nature of the difference between the two kinds of series may be 
brought out in another way. A series convergent for sufficiently small values 
of 1 2; j represents a function regular in the neighbourhood of the origin. But any 
function which a true asymptotic series can represent will have the origin as an 
essential singularity. And, therefore, not only can many functions with an essential 
singularity at the origin have the same asymptotic expansion, but also the same 
function may have difierent asymptotic expansions in different areas having the 
origin as apex. It is almost impossible to imagine a vagary which an essential 
singularity will not possess, and this fact we cannot, throughout the whole of the 
investigation, too carefully bear in mind. 

Inasmuch as any means of regarding an asymptotic series leads to a result peculiar 
to that means, we must choose our process witli care so as to obtain the most simple 
result, and, if possible, so as to ensure that our conception of such series agrees with 
the arithmetic point of view by which historically they were generated. 

§ 29. Suppose, in the first place, that we have given the asymptotic series 

Gq + a^z + a^z^ + • ' • + ^»^'^ + ^ . . , 
in which, by Cauchy's rule, Lt v^a,, ^ 00 . And suppose further that ht -^-^'^ = 0, 

n =00 % — 00 '^ 

Then the associated function 

G{z) =: GqCq + a^G^z + ' . • +ci,,c,/'' + « • ' ? 

1 
in which c,, = ,^7 w^ ? will be an integral function. 

r {% + ^) 

It is a natural extension, then, of our previous ideas to regard the asymptotic 
series as the expansion of the integral 



2 sin ttO 



{ G {xz) e--^ ( — xf-^ dx, 



and, conversely, to regard the integral as the '' sum'' of the asymptotic series. 
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The point z •=: will be an essential singularity of the function of which the 
integral is the formal expression. For certain values of z near ^ === the integral can 
probably take values whicli differ infinitely for the smallest change in the value of z. 
This will happen when z lies on a line of zeros or poles crowding to z •=. 0. Along 
such lines, or quite possibly within areas of the same nature, the asymptotic series 
will cease to represent the function. 

Further, there must always be such lines or areas of non-representation, for the 
only functions to the essential singularities of which poles or zeros or other 

singularities do not crowd are of the types C'', e'^ , - - - , which cannot admit of 
asymptotic expansion. 

We have then the fundamental result that the integral cannot represent the 
'' sum" of the series right round ;; := 0. There will be certain lines or areas with 
z^:=0 as extremities or vertices along which the asymptotic series cannot be '' summed " 
by any process Avhich we may employ : these lines or areas will differ with the 
different processes, but will never be absent altogether. 

There are, of course, asymptotic series of the prescribed type which can never be 

^' summed" by any process which we may employ. Such a one is S ctc'Z^'\ in which. 
Lt {Cu+i — Ch) == GO and ht y'^a.,^ =; co . But such series will never arise naturally in 

n = CO n ^ CO 

analysis, and we do not, therefore, need to trouble about them. 

§ 30. We have now to consider whether, vvdien a series of the prescribed type is 
^' summed " by means of the process indicated, the function which results admits the 
series as an arithmetically asymptotic expansion according to Poincare's definition. 

Denote by f(z) the integral which is the result of summing the series 



cIq + a a + . - + c^'/^'' + ^ > , 



in which Ya y a,, = oo and Jj. "^ 



n / 
/ CI,, 



n — 00 



n = GO 



n 



The associated function for the series is 



G (z) := a^pQ + a^c^z + . . . + a,c^^' + . 



' ^ 



:xnd for Sj,. the sum of the first n terms of the serieis, is 



Hence 



where 



a^Co + a^c^z + 



-4™ ci c tJ^ 



2 rIu ivd 



,-* « 



v.TVij_| \Z^ X) 



.-/il 



e'^'^'(— xy"^'''"^ dx. 



" G,,+i {z, x) ^ zx\a,fi, 4- a,^-yCn^^ {xz) + . 
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Now z^'^Gu+iiz, x) is an absolutely convergent series, and Iz^'^'Gji^i {zx)\ tends to 
zero as n tends to infinity. 

Moreover z''^'Gu^i{zx) and G{xz) are functions which, while n has any finite value, 



have the same character near \xz 

Therefore the integral ^-~--.~- — - 

^ 2 sin TTU 



CO , for they only diifer by the polynomial 



^''"^^ ^-^ e ^ {— xY '^'"^ dx will represent an 






G{xz)e "^ [— xf ^ dx does so; and the 



analytic function of z whenever 77-7- — 7, 
^ 2 sm TTU . 

two functions will have the same character near ^ = 0. 

Therefore, within those areas for which the second integral represents the ^' sum " 
of the given asymptotic series, the first integral is finite, and \z~^^ {/(^) "^ ^n] \ tends 
to zero as 1 2; I tends to zero. 

Thus the asymptotic equality satisfies Poincare's arithmetic definition. The 
reader must note very carefully that this theorem does 7iot apply to divergent series 
which have a finite radius of convergence. It is necessary that [ z \ should tend to 

1 



zero. No computer, for instance, could make 1 — 2 + 2^ — 2^ + • • • tend to 
§ 31. Suppose now that we differentiate the series 



1 + 2 



d^ "T" ^iZ "r" ' • • "T" ^^nZ'^ \ • • ' 



m w 



1110x1 



L^ ^a,, — 00 , and L^ ^^!^ — 0. 



n=;co 



?^ — CO 



n 



We shall obtain the series 



Cf| ""7" ZCl^Z -~j~- . , . "-f- llCi-ji^Z . e . 



If we '^ sum" this series by the exponential process (the name which it is convenient 
to give to the process employed in the preceding paragraphs) we obtain the integral 



2 sin TT-O 



G^ (xz) e""-^ ( — xy ^ dx^ ill which 



Gj_ {xz) = a^c^ + 2a^e^xz + . . . + na.fin {xz)'' ^ + . , , 

We thus see that, since this series is an integral function, 

3 
G|^ (^cz) = -n,^- G {;xz), 

oz 



Therefore the '' sum '' of the series a^ + 2%^: 4~ . . . ~f na^fi' 



^-1 j^ 



. is 



2 sin ttO 






VOIjo GXCXX, A. 



^1 ■^••)»* 
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Now so long as the integral 



2 sill IT 9 



G {xz) e '^' (— x)^ '^^ dx 



is within the regions surrounding z ■=. 0, for which the original series can be summed, 
the differential coefficient of the function which it represents is the function repre- 
sented by the integral 

L f 9 
2 sin ttO 



--- G {xz) e -^ ( — xY ^ dx, 



for we do not transgress the rules ¥/hich govern differentiation under the sign of 
integration. "^^ 

Therefore, within the region for which an asymptotic equality is valid, such 
equality may be differentiated. 

Similarly such equality may be integrated. And the process of differentiation or 
integration may be repeated any number of times. 

§ 32. We have hitherto limited ourselves to the consideration of asymptotic series 
of the type 

C(q "Y" Gj-^ — f- « . . '"]"" Ci,)^Z --f" 



o a 



n/ ~ 

in which L^ 'i/a-n — oo and Jjt -'^--' = 0. 

■n, = CO n — co ''' 



The first condition is necessary that the series may have zero radius of con- 
vergency, that is to say, that it may be asymptotic. 

The second condition was requisite in order to ensure the applicability of the 
exponential process. 

is convenient to call an asymptotic series for which L^ -^■'---^-' -^ an asymptotic 



n~~<x) '^ 



n . 
Lv/i 



series of the first order: one for which this limit is PTea.ter than zero, but L?^'^^r^™0, 

II — rr-, IV 



7i = a:> 



a series of the second order, and so on. 

We have given in the preceding paragraphs the theory of summation of series of 
the first order» But suppose that v/e wish to sum one of the most simple asymptotic 

series, that for loff --:77T — -, namely t ---'^^- --''-^ ---, where S,, (a) is Hermite's Ber- 

nouUian function. 

By Cauchy's theorem, re-discovered by Hadamasd, we know that 



. ■ Ai it 



n ] 



I'i —.- CO 




^ Jordan, ' Cours d' Analyse/ 2nd edition, voL 2, pp. 15i-15T. 



for the expansion 
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e^ - 1 _ ;. S. {a) .^^ 

e^ •— 1 ^^1 n \ 



is only valid within a circle of radius 27r. 

We see then that the asymptotic series is such that, if we denote the coefficient 
1 

^f ^j ^y ^n. 



\,t yJ^ > 0, and L^ ^^ ==: 0. 



'rt=:0O '^ n~<X> '<' 



The series is thus of the second order. And the associated function formed as in the 
preceding paragraphs will be 

G(n)z=. t ^^^^ n- 

which is not an integral function. 

Our analytical machinery therefore breaks down, and we must attempt to 
extend it. 

Just as the original problem admitted of an infinite number of solutions, so we 
may now proceed in an infinite number of ways to give an analytical meaning to 
asymptotic series of the second or higher orders. 

Of these two would appear to be most naturaL We may either use some more 
powerful associated function than we used in the exponential process, or we may 
repeat the exponential process until we arrive at a finite analytical function. 

§ 33. Let us consider in the first place the second of these alternatives. 

If we have the asymptotic series 

we have agreed to say that this series is the expression of the analytic function 
___ Q /^^\ p-x / _ xy~'^ dm, whenever this integral has a meaninp% that is, 

whenever G^ (xz) is an integral function, and the integral is not infinite. 

Now 

^ ^^ r(^) ^ r(i + ^) ^ ° " ' ^ r (^ + ^) ^ - - 

= cCq + ^i'^ + . . . + ajz"^ + • • " (say), 

and, if the series is not absolutely convergent over the whole plane, we shall be 
consistent with our former generalised point of view, if we regard it as determining 
an analytic function 

Gg (xz) e"™*^ ( — xf"^' dx, 



2 sin m-Q 
whenever this integral has a meaning. 



3 K 2 
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Now 






=^ {I'Q -p . « "-{- Q^i z" -}" = • » '(Sciy). 

If the series G^ (z) had a finite radius of convergence, or zero radius of the first order, 
the function G^ (e) will be a.n integral function, and by the process just sketched, 
a definite meaning has been assigned to G^ {z) and the original series. 

When, however, G| {z) has zero radius of convergency of the second or higher 
order, G^ (2^) will not be an integral function, but we must regard the series which it 
denotes as determining an analytic function 



2sm7r6? J '^ ^ ^ ^ ^ ' 

whenever this integral has a meaning, that is, as a preliminary condition, whenever 



an" . . aJ^ 



^3 (^^) - r '^Q^ + » . . + Y{n^^ 6) ^' "^ " 



e e 



is convergent over the whole plane. 

The procedure may be repeated indefinitely. If we have started with an asymptotic 
series which does not ultimately give rise to a function G;, {z) whose finite radius of 
convergency is a line of essential singularity, we shall ultimately get an analytic 
function of which the original series is the asymptotic expansion in the vicinity of its 
essential singularity 2; = 0. 

I 34. The extension which we have just indicated is in harmony v/ith the general 
theory, but we have still to determine the important point as to whether the 
asymptotic equality of series and functions satisfies Poincare's arithmetic definition. 

Take for simplicity the series of the second order a^ -f a^:. + . . e + ^^'iP^'^ + • * • ? 
for which the associated series 

has finite radius of convergency and represents the function 

,G {z). 
The given series gives rise to the function 

G (z) = -^r — z. ^G ixz) 6""'^'' (— xf'^'^ dx. 
c.i sm ITU J 

Ijet 
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then 

G (z) -~ G, (z) = ^-—^ ] {iCx (xz) -- iG« (wz) ] e-^ ( --' xf^^ dx, 
where 

r=:o r {r + 6>) 

Now z'^"'"^ {^G (iT^;) — iG;, (.xa;)} is an analytic function of x of the same character as 
jG {xz) : hence the natures of the two functions G{z) and e"'^""^ {Gr (^) """ Gr« (^)}- near 
^ = are substantially the same. And therefore, in general, if G (z) tends uniformly 
to a finite limit as z tends to zero in any direction, z'"''-"^ {G {z) — nG{z)} also tends 
uniformly to a finite limit as z tends to zero in the same direction. That is to say, 
l^-w ^Qc{z} -— ,^,G {z)} I tends to zero as z tends to zero, so that the divergent series is 
arithmetically asymptotic for the function G (z). 

It is evident that a repetition of the same argument will pro^'e the arithmetic nature 
of the asymptotic dependence of a series of any order and the function to which it 
gives rise by successive applications of the exponential process. But one case of 
exception must be noticed. At each step the equivalence of the asymptotic series 
and the derived function fails along certain lines or within certain areas radiating 
from 2; = 0. And, since the efiect of such failure is cumulative, it may happen that 
before the process is finished the equivalence has failed over the whole area around 
z=z 0. Either the series is hopeless — an artificial monstrosity that cannot arise in 
practice — or we need some other process by means of which it can be interpreted. 

§ 35. As an example of the process just sketched, consider the asymptotic 
expansion 



00 



..-1 . V- / A S;/(^0 ^"'^'""^ 



z'~^ + 2 



^1=1 \ n I s -\- n — 1^ 

which, qiid function of z^ is an asymptotic series of the second order and wherein 
s and a are any complex or real parameters. 

Applying the integral process associated with the exponential function to the series, 
we obtain the integral 

where 

Gi(t^)= -. r(i ^s){-uy-^^ 



<^ ( ^\n^^ (a) 
1 + t ^-^^^ u^ 



n = i '^ • 



>^ 



and we have, for convenience, taken the auxiliary function to be 



00 



t (-)"r(2 — n - s)x'\ 

so that B is absorbed in s. 

Now Gi (te) is a series of finite radius of convergency, and the analytic function 
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which we take the series to represent is the function of which the series is the 
expansion within the circle of convergency. The series will therefore denote, with 
our present conceptions, the function 

The series with which we commenced may therefore be regarded as giving rise to 
the analytic function 



t _ /. s i e "■'"' , , -, , /. 



^ r (1 »-" 5) I ^ ( -- xzy~^ er^ zdx=: ^ i^ Til^s)[ V^-1^ ( ^ ^y~i dt 

on making the substitution t = xz. 

This function admits when J2:| is small, the arithmetically asymptotic expansion 
from which we started. 

When z"'^ is a large real positive integer, the series and integral become fundamental 
in the asymptotic definition of the extended Eiemann I function« 

But there can be obtained by other processes an indefinite number of analytic 
functions, each of which has an essential singularity at 2; = 0, near which point it 
admits the given series as an arithmetically asymptotic expansion. We proceed to 
indicate one alternative process by which such an analytic function can be obtained at 
a single step. 

§ 36. For this purpose we use certain results of the theory of the connection between 
linear difference and differential equations. 

Consider the function 



M (a, pi, « . « , pm, — a?) = 1 — --— - .^ 4. _ ^ + ,_ __^_,,^^/ ^ ,r^^ ^ ^ ^ 

It is evidently a transcendental integral function which is a solution of the 
differential equation 



X 

d 
wherein the operator B- ■=■ x~. 

•*• cm 



1 
(5 ~f- a) -f- "~~" '9" ('3' H" Pi "^ 1) « " ' (-9- + Pm """~" 1) 



2/^0, 



If y be any solution of this equation, form the function 



2 sin iTZ 



\y {--- xy ^ dx. 



where the contour of the integral and the prescription for ( — x)''''^ are exactly those 
employed in the definition of the integral for V {z) previously employed (§ 24). 
On integrating by parts, we have 
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z 



/(^) 



2 sin iTZ 



[%](•— Qc)^'~'^dx, 



a relation which may also be written 

{% + l)/(^ + 1) = 



2 sin TT^ . 



X 9- (yj] ( — cc)^ ^ dx. 



We thus see that 



z{z + l '- p^} , . . {z + 1 — pm)f{z) 



(^). 



m+i 



2 sin TTZ 



j [5- (3- + Pj^ — 1) . . , (5- + p,^ — 1) ^] (— .1^)^-1 (^a;, 



and also 



^2; -|-. 1 —. o(,)f{z 4" 1) 



2 sin TT^ , 



[x (3- + a) y'] {'-' x)'"^ dx. 



Therefore, since ^ is a solution of the equation 



we have 



5- {3- + Pi —' I) . > * {S- + p,n — I) y = — ^ {3- + a) y, 



The general solution of this difference-equation is 

where ^ (sj, a, p^, . , . p,„) is a simply periodic function of z of period unity. 
We have then established the identity 



2 sin TTZ 



■^ M \ 3 r'l? • * • P'Mj "~~* X) I •~~* ^'1 KA/JU 



V(z)V{a-^z) 



r (ot) * r (p^ — -s) . . . r (p^^ — • 2;) 



"ST ^-3^5 Ot^ p^^ , , . p^y. 



When a = p^, the expression on the left-hand side, and therefore that on the right- 
hand side must involve p^ . » . pm only. Thus, when a = p^, tjt (0, a, pi, , . . p^^^) involves 
p^ , . , pm only. It must therefore be a function of a — - p^, . . . a — p^^. Not only so, 
but it cannot involve these quantities at all ; for when a = p^, m will be a function of 
Pi ~" P25 • • • Pi — pm ^^^ y^t it is independent of p^ ; and so on when a = p^, . . . a = p^^. 
Thus OT is a function of z, simply periodic of period unity, independent of a, pj, . . . pm 
and m. 

Let m = 1, a = p^ = 1 ; then 1^^, (a, p^, p^, . . . p^, — x) becomes e'"^, and the 



integral becomes 



/a Sm TT^ 



6 "^ {--- X)^ ^- dx •=: T {z) 
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Thus m {z) = 1, and we have .finally for all values of a, p^ . . , p^^ and z the 



identity 



2 sin TTZ 



I ^ m \^3 Pij • • • pfN} Xj y-"^ Xy CiX — 1 (Zj . ' -^ y 



/"a — ^-^ 



) r(p,)...r(p„o 



r (a) ' r (pi — ;s;) . . . r (p^,^ — z)' 



This identity is the direct generalisation of the identity 



2 sin tt;^ . 



g-* ^_« ^y- .1 ^^;^ ::^ p ^2^^^ 



and we may therefore expect to be able to use it to extend our former process of 
'' summing" asymptotic series. 

§ 37. We may, in fact, show at once that we can sum any series of convergency 
zero f{z) = €% + ci^z + . . . + a^.z"^ + » • • ? in which L^ a.^ = (n !)^', where h is any 

'?i = 30 

finite quantity. 

For this purpose we put a = ^^ = , , . = p^^^ = 



F«, {x) = l'\' TTTT + • ' ' + 71-'"' + . ^ . 5 and we have zr~ ~^ t"' — - --(--^)'~'^ c/a^^rrfr (^)' 



fyi 



Then, with oiu^ former notation, we take the auxiliary function 



CO 

)( (a;) = % c^,z'\ where Ijc,, = \T (n + 6)' 



m 



n-0 



27r J [sin irOY 



(^^ym(^_ ^y-i ^_ rj^y ^^^ 



And now f{z) is defined by the integral 



9. 



IT 



,0-1 






m w 



hich 



G{u) 



00 



(-)^"^^c/,,c,t^^ 



We take m > i% and then G {it) will be an integral function. 

For L^ a^A^ = ^^^k/^ - ?f^) ^ ~?^ a -»?) + ,.. . g^^-^^| therefore L^ \/ a^fin — 0, 



?1=09 



■jl = :»3 



■^ In connection with the proof of this formula, the reader may with advantage refer to :— 
Mbllin, * Acta Mathematica,' 8, pp. 37-80; 9, pp. 137-166; 15, pp. 317-384. 

„ * Acta Societatis Fennicse,' t. 20, pp. 1-115. 
PoiNCARiE, "American Journal," vol. 7, pp. 203-258, 
PiNCHERLE, * Accad, dei Lincei/ ser. iv., t. 4, pp. 694-700. 
PocHAMMERj ' Mathematische Annalen/ Bd. 38, pp. 586-597; Bd. 41, pp. 197-218. 

' Grelle,^ Bd. 71, pp. 316-352, 
Orr, ^ Cambridge Phil Trans.,' vol. 17, pp. 182-199, 
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We can thus sum any natural series of convergency zero whose nf^ coefficient is 
of the same order as a finite power of n !^' 

§ 38. But we can go further than this : we can construct inverse functions w^hich 
will enable us to sum any series of convergency zero. 

For w^e have seen that 



:/ f "^r^'^''^^.^^^ ( - ^^&^'-~' dx =: \T Cn + 6) 



2/;?, 



Suppose, now, that we construct the function f{x) -^ S y;: "'' "n^m'' 
This function will be an integral function of x, for we have 



so X' 

/(;r) =: t {-xy t 



:::rO VU r:^ 1 



T 1 sin ir6 



''2 m 



TT 



\3 



^ / \y \r ! sill ttOJ 

\r\ sin 7T0/ 



X 



which is absolutely convergent for all values of 

But, if we operate by our integral on this function, we have f [/{.)(- .)»-- dx 

Of; OO 

= :S [r (u + e)J"' ; and the function % [V (n + d)J'^ is infinite if E {n + 0) be 

m — 1 ra ~ 1 

positive. 

If, now, Ave take f(x) =: % ~'-'^-^y~:^^'-~-^- - vv^iere h,n is so chosen as to make the 

series 2 h^\T[n + ^j]"^''" converge for all finite values of n, it is obvious that /(a:) 

771=1 

will itself converge for all valuer of x, and so be an integral function. 
We may now take for the associated function 

X (^) =^ Co ~t- c^a; + . . . + c^z'' + . . . , where CrT^ = S h,n [r (n + 6)'f''' ; 

7n = l 

and by suitable choice of the coefficients 6 we may make c,, vanish to an order as 
great as w^e please. 

We can then sum the series a^ + ctiZ + . . . + <^'u^^ -}-..,, where a^ is infinite 
wdth n to an order as high as we please. In other words, we have invented the 
analytical machinery necessary to sum any (natural) asymptotic series. 

§ 39. As an example, suppose that we wish to sum a series a^ + ^ r^ + • • • 
+ cinZ'' + — • ) where a,, is infinite like ef'{^'^"^y, w^here < a < 1. 

"^ This theorem corrects a mistake in my paper, * Theory of the Gamma Function,' p. 112. 

VOL. OXCIX. —A, 3 L 



Ui 
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With our previous notation we take h,n 



1 



m 



f{x) = t 



^^'''¥c>rn{—^') 



^^^=,1 ml (sinTrd) 



2m 



QO iX) J 



an 



'TT 



r \ sin TT 



2m, 



QO 



r^O 






2 



SO tliat/'(t'2?) is a transcendental integral function. 



Then we have -,.- \fi^) {-— x)"'''^ \ dx = S 



T()t+6)); 



:■«/. 



./ 

?/l=:l 



m! 



;:z:::; ^ 



;r(>i + 6')f 



\ , 



We take the associated function 

-^ (z) — Cq + c^e + • • • + <^;*'^" + » . . where c,i^^ = ^[rc^^+a)]^ _ | . 



and. the integral function 

G [z) === c&qCq ~|- . . . + <^&?iG;,2:'' + . _ in which. L^ CL^fi^i, === L^ 



e 



aiWaW 



n — 00 



'/IssCO 



g[r(H+a)? 



0, 



Then the sum of the series will be represented by"''^ 



27r 



(— xz) f{x) (— x)^ "^ clx. 



§ 40. We have now, by means of the generalised exponential functions, given the 
machinery by vdiich we may expect to be able to " sum " a natural asymptotic series 
of any order. 

It may be proved just as for the fundamental exponential process that the series 
and the function derived from it have asymptotic equality of the arithmetic type. 

Moreover, if we regard the series as having a finite radius of convergency, on 
vfhich one or more singularities lie, which has shrunk indefinitely, we, as it were, 
magnify it again by m.eans of the function F,,, [x] so as to obtain the associated 



"unction 



'~i_ 
J 



(tt) 



<X) 



n-^(3 



nm. 



^n^ii^'^ 



whose radius of convergency is infinite e 

The alternative process consists in successive magnifications by means of the 
function e^. 

These two processes will in general lead to drfferent results : in each case we shall 
obtain functions with ^= as an essential singularity ; both functions will have the 

* V/'hen we take 5^ ^^-= 0^^ 0"^? we have 

and, when n is large, the series is, by a theoreni due to Stokes, infinite like exp. {1 [r (n + 6)^ 

to the first approximation. We thus sum any series for which ctn is of order exp. {[1' (%)]''}, by taking 
s greater than r» 
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same arithmetically asymptotic expansion. But the expansion in all probability will 
not be valid in the two cases along the same lines or within the same areas tending 
to z := 0. Moreover, such a result is not surprising. The original series, except 
from the point of view of the computer, had no meaning : it did not define an 
analytic function over any area of the plane of the complex variable and therefore 
could not uniquely represent such a function. We have, however, now given two 
processes (out of an infinite number) by which we may conceive the series to define 
an analytic function, and the functions thus defined each satisfy all that the 
computer can demand, 

§ 41. It will, perhaps, elucidate the theorjr which has been developed if we give two 
actual examples of its application. 

We will first investigate the Maclaurin sum formula, which gives an asymptotic 

m— 1 

value for % ^ (n) when wi is large, under certain restrictions as to the nature of the 

function cf) (n). 

In the first place it is evident that such restrictions must exist : the function must 
either be uniform or be limited to a definite branch of a multiform function ; and, as 
z takes increasing integral values, (f) (z) must increase uniformly. 

We will assume, therefore, that (jy (z) is an integral function, which may be 
represented by a Taylor's series, aQ + a^z + . . . + arZ'' + • • • 

Then, if the integral be taken along a contour embracing an axis in the positive 
half of the z plane, we shall have, by the usual expression for the gamma function, 

t (^ (n) ^t ^\t a,.r (1 + r) e^- (- z)-^-' dz =^ ~ cr^' ^^^^ t r ^^dz. 



n = l n- 



l 2lT . 






00 

Suppose now that the series t c^^r (1 + r') z'^ has a finite radius of convergence p. 



r^O 



Then 2 a,. r(l + ^) ("~" ^) ' ^ will be the expansion of a function convergent 

outside a circle of radius p""^ 

We can always make the bulb of the contour along which the fundamental 
integral is taken expand so as to entirely include this circle of radius p*^^, and the 
subsequent integral will then be finite. 



TT J 



e '^ «i arTi 



Let now Z = :.- _ Ji— -_^ ^ J::^^:^ ^^^ ^^ l^]^g^-(3 ^ is a definite finite quantity 



1- —e 'r:^o('-z) 

depending on the coefiicients in the expansion of ^ (z) 



m—l 



/. 



/» 



^™.(«,+i),, arT(l -h r) 



Then t 6 (n) = Z — ---- : S -^, rrrr"- dz. 

n^\ 27r . 1 — er'^ r-=o (— ^X+ 

The second integral may be written in the form 

O xj ^ 
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^77 



l+... + (-^)"^'#^ + .. 



Ql ! 



I 






if we postulate that we are reversing the process by which we "^ sum. ^' an asymptotic 
series. 

The integral is equal to the asymptotic expansion 



t 



S/(l) i 






S'„ (1) 



«=0 «'i 



CO 



«,.r (1 + r) 



r(2 + r — n)m>'~'-'^ 



OD 






00 



+ -i 2 «,'?«'■ + S 



s,/ (1) r 



CO 



H==:2 n ' 



1-: 



2 a,-^?i^"^ ■ '' r' . r* — 1 ... 7' + 2 — 7?, 



'<^ (m) c^m + i<^ (m) +£ |^f ^^^;;, </> (w). 



When n is odd S^,,+3(0) = 0: the integral is therefore equal to the asymptotic 



expansion 



M 00 

c/) (m) c/'?7^ + |-</) (77^) + S 



5 S^,,+2(0) ^^ 



3«4-l 



J / 



.^lo 2?i + 2 ! fZm2^^+i- 



^ [m 



CO /^ 



n T\ , .72^^ + 1 



(/> (m) c/772 + |-(^ (77z) + S^ (2.7:^2)1 J.^i^i ^ ('''^• 



We have finally the asymptotic equality 



i{< 



??i~- 1 



S^ <^ (n) = Z + J ,^ (m) dm - U M + ^,(2n':^ JrnF^ ^ ("^)' 



This equality is valid when <^ {%) is a uniform integral function of z such that if it 
be expanded in the form ag + ^h^ + • — + ^^?^^' + , , , , the series S a,T (1 + 7') 2:'' 
has a finite or infinite radius of convergency. 



r^-Q 



We must therefore have 'V (^.i^ ! equal to a finite or zero quantity, so that a,r"' 
must increase as fast as or faster than n. The function </> [z] must therefore be a 
function whose '' order" is greater than or equal to unity. 

In the particular case when the series t a,T {i + 'r) zf represents an integral 



7' = 



function, we may conveniently express Z in terms of the Eiemann l functions of 



negative integral argument. 



"^" In a subsequent paper I sliall show that it is better to write this formula in the form 



2 (^ (rt + nb)) 



CO 

7 J- y 



ni=0 






n=.o n 






X ~' rato 



in order to exhibit its anah:)0'V to more s^eneral extensions. 



r^..' 
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For in this case the bulb of the contour integral which expresses Z may be taken 

1 

so small as not to include the poles of v? ^"^nd we shall therefore have 

^ e^ — I 



z 



00 



9 



S a,r ! 



TT ,.:..o 



(k 



(r 



{-z)-'-^= i a,l{~r) 



00 



r = 






This series is evidently convergent if ^ {z) is an integral function whose order is 
greater than or equal to 2, a condition which is equivalent to the convergency for all 



values of 



7 



of the series 



00 

t a,r(l + 7)^', 



r::rO 



It is evident that the Maclaurin sum. formula will hold good in many cases in 



loA' z 



which (^ (z) is not a uniform function. If it be a function like 7f or 7f , or either of 
these functions multiplied by an integral function of order greater than unity, the 
Maclaurin formula will be valid if we suitably specify the branch of the function 
considered. Instead of attempting to tabulate such cases, it is perhaps better that 
we should go back to the genesis of the formulae when they actually arise. Applica- 
tions of the formulae which wnll be made subsequently in this memoir will usually be 
to cases in which ^ {z) has very simple values ; and all general formulae will be 
tacitly supposed subordinate to what we may call the Maclaurin restrictions. 

§ 42. As a second example of the theory of asymptotic series we propose to try 
and find the function of which the series 



c 



o t 



7h i 



1 1 ! 

.;, ' ..a « ...8 T^ • • • n^ n+i n^ • • • 

;/-/ t</ (A' (/-y 



r {n) — j e-^^ t'~^ dt 



is the asymiptotic expansion near the essential singularity (r =: 00 , 
We know that, if n be a positive integer, 



where the line integral is taken along any straight line L from the origin to infinity 
which lies in the half of the z plane to the right hand side of the imaginary axis. 
Therefore the given expansion asymptotically represents the function 



.CO 



{^ 



e 



X 



G 



..:t 



e ^' dt 



X 



CO 

where G [u) is the function whioli is represented by the series 2 ?^'', and the integral 



«==0 



is taken alono; the straight line 



v^ 



IJ. 
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The given series is therefore the asymptotic expaiisioii of the iimction 

f{x) ^ (L)';;- -----, ill. 



^1 



X 



Suppose first that the real part of x is positive ; then, putting t •:=. x% we have 

fix) = :,-^ jlz, 

the integral being taken, along a line along which 1^ (z) is positive, tlmt is, along 
which ^(1 — z) is negative. [These tvfo conditions only differ when we consider a 
line practically parallel to the imaginary axis and therefore initially excluded. 



.cz) 



.-xy 



Putting !--%■=. — t/, we have/ (a;) =: ~ — dy^ the integral being taken along 
a line along which R (ij) is positive ; and therefore 



.CO 



j {qc) -^ — — ^^ ^ „ ^ , . , . . , , (^ly 



X 



the integral being taken along a line still in the positive half of the z plane. Thus 

r^ e"'^ clz r + e^~z ^ p g^^ 

f{x) ===: — ----- — — dz — --, where we take |e| to be very small. 






Hence, if y be Eijler's constant,"^ 
f{x) '^ log € 4" 7 ~ — 7 — d'^ "^ log e + log (~ 0^) + terms which vanish with 






Finally, on making | e | :^ 0, 

f{x) =z y "f- log (~~ 03) + ^'^' 



" 



00 O'' 

T T T ' 



It will be noticed that the integral (1) obtained for f (x) has a pole along the line 
of integration so that it has an infinite number of values, all differing: by 27rt, which 
are implicitly involved in the logarithuiic term. 

We see then that, when the real part of x is positive, the given series is the 

asymptotic expansion of the function y + log ( — x) + S 

Take next the case when the real part of x is negative. As in the first case, the 

series in the asymptotic expansion of . cfe, the integral being taken along a line 

for which ^ (%) is negative. 
Thus it is the expansion of 

dy along a line for which % (y) is negative 



r e~'dz 



'X ^ 



along a line for which % (z) is positive. 



^ See the author^s paper, ^ Messenger of Matliematics,' vol. 29, pp. 98 and 99. 



MR E. W. BAENES ON INTEGEAL FUNCTIONS. 447 

On pursuing the same course as before we find that the given series is the 
asymptotic expansion of the function 



y + log(~- x) + j 



- dz. 



z 



But there is the important difference that now the integral which has led to this 
result has no pole along the line of integration. And log (-— x\ instead of being 
allowed to take any one of an infinite number of values, has such a value that 
log ( — 0^) is real when x is real and negative, and has for complex values of x whose 

real part is negative an amplitude which lies between i -^- • 

We see then that the process employed has led, when 5^ {x) is positive to an 
infinite number of functions, all of which have the same asymptotic expansion ; and, 
when 3^ {x) is negative, to but one such function. 

Evidently when we seek an asymptotic expansion for the function ^^ 



,r+l 



i \X\ r^^^ C ^ ]S 

a/ \ / , 'P ')' f 

we may say that we get, when 3^ {x) is positive, 



f{x) := 



. 1 ! n \ 

1 "T- •"{" . . . "~r" " ~~ "T~ 



for terms like x\y •\- log (-— x) + 2m7r6}6 ^'' are negligible compared with the least 
term of the asymptotic series : but when 2^ {x) is negative, we get 

f{x) ^ e~''-x[— \og{- x) -- y} + 1 + ---^- + _ . + ^-^ + . . . 

in which successive terms are of decreasing order of magnitude. 

The zeros of the function y (a;) near the essential singularity cc = go , are ultimately 
along the imaginary axis. 

We thus have an illustration of two important propositions : — 

( 1 . ) A uniform integral function may admit of asymptotic expansions of different 

form in different areas w^ith their vertices at its essential singularity. 
(2.) These portions of the plane are separated by lines of zeros of the function. 

§ 43. Inasmuch as in Parts III. and IV. of this paper we proceed to actually 
obtain asymptotic expansions satisfying these laws for all the most simple types of 

^ I was asked to investigate this function by Mr. G. W. Walker, Fellow of Trinity College, who 
desired to compute it in certain physical researches. Originally I obtained the expansion by considering 

the differential equation gy^ -j^ + qj = x^ in a way bearing great resemblance to that employed by Horn, 

(JjXi 

' Crelle/ vol 120, pp. 17 and 18. 
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integral functions^ we iiO¥7 proceed to sketch the process which will be adopted, and, 
in the course of our outline, to proA^e at once the validity of that process and the 
laws which govern its results. 

Suppose, in the first place, that v/e have the absolutely convergent expansion 
F (z) == cIq + ciiZ 4" « • • + <^^s^ + . . . in which the coefficients are functions of a 
variable t, asymptotically given for large values of 1 1 \ by expansions of the type 

a,, = -^^ + ~ 4" i^^ 4- . . . vdiere the quantities 6,,^^ h,^,^, . . = are constants and n^^ n^, . . . 

are numbers arranged in ascending orders of magnitude and tending to + cx) as a 
limit, the first numbers of the series being possibly negative. 

Suppose that we substitute these asymptotic vahaes of the coefficients and 

rearrange tlie expression for F (2:) in powers of ^ * 

We shall obtain, wlien. U | is large, an asymptotic equality 



F(.) 



1 



ho + ^^10-' + ' — + '^h^o^'' + 

1 



e » » 



t 



Oqi ~-|"* ti|j_;c^ "-f" * » * I f^m}'^^'^ ~j" • ^ • 



« « «i I 



f 



c>Q,j "h (^1$^^' i" » . . T" ^^mf^''^ I 



§ s 



4 



This expansion will be arithmetically asymptotic : the computer would use it to 
calculate F [z) for given values of z and t when ! t j is large. 

The series which enter as coefficients will be, in all probability, divergent ; but, as 
we are looking at the whole matter from the point of view of the computer, we are 
at liberty to "sum'' them by the methods which ha^ve been developed in the present 
part of this memoir. 

If, as will be the case in tlie applications which we subsequently make of this 
theory, these series have a finite radius of convergence, we can "sum" them each to 
a definite, possibly non-uniform, analytic function ; and v/e shall have an expansion 



F {z) " S '-^-^ which will satisfy Poincare's definition of arithmetically asymptotic 



i'=:0 



dependence. We shall thus have obtained a unique asymptotic expansion for the 
function F (2). Tlie case in which the series of the type 

have zem radius of convergence does not arise. In such a case we should be able to 
obtain an infinite number of functions, of which these series are the asymptotic 
expansions, and we should have the absurdity that the asymptotic expansion of F {%) 

1 
in ascending powers of -7 is not unique. 

§ 44. A function cannot, as has already been stated, be represented by the same 
asymptotic expansion for all values of z in the neighbourhood of z ^ o:> , unless the 
function is an integral function of z^^, and the series absolutely convergent. 
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For unless J {z) and the series a^ + ;^ + . . . + J + • • • have such a character, it 



is impossible that L^ z'^ J (2;) 



a 







a. 



?^ 



a. 



n 
n 



should, as z approaches infinity. 



always tend uniformly to zero, whatever be the argument of %. 

But, as we proceed to show, a uniform function of finite "'^genre,''^ with an essential 
singularity at infinity can, in general, be represented by one or more asymptotic 
expansions valid for all points near infinity except those in the immediate vicinity of 
the zeros and poles of the function. 

Two difl!erent asymptotic expansions cannot exist within the same region, and the 
regions are separated by the lines or areas of zeros or poles of the function. The 
theorem is true whether the function be a quotient of repeated or non -repeated 
integral functions, with zeros of simple or multiple sequence. 

We need only consider the case of integral functions — the general theorem will 
follow, since every function of the type just 
mentioned can be represented as a quotient 
of two integral functions of finite genre. 

The zeros of the function must proceed 
according to fixed laws, and therefore, in our 
diagram of the I'egion near infinity, they will 
mass themselves infinitely close together as 
we approach infinity itself They will 
therefore form certain lines (not necessarily 
straight) or areas of ultimate singularity. 
If the areas entirely surround z = 00 there 
will be no asymptotic expansion possible. 
We thus assume tliat there exists an area 
such as 00 AB, non-shaded in the figure, 
within which, if the radius oc A is sufficiently small, there are no zeros of/ {z). 

Suppose first, that the zeros of the function form a single simple sequence, and are 
non-repeated ; then it may be written 




F(^.) = c'^^<^)n 



»=i 



1 



e 



p-i J 



\a.) 



m 



a. 



n 



e^^'^ (f> (z), (say), 



where p is the '' genre " (independent of n), and H (z) is a holomorphic function. 



a 



Suppose that z lies between circles of radii 
then those terms of the product (f> (z) for which 
proof of Weiekstrass' fundamental theorem, 



u 



Z 



,nd ja.,,4.J where n is very large, 
< a^^^ may be written, as in the 



e 



Pi (^^) 



where P^ (z) is a function represented by a series of positive powers of z. For those 
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terms which correspond to the first n zeros, we can expand log ( 1 



vV \ « 



m the form 



a 



sf 



log z — log ( — a,y) 



a 



' 1 



\ 



^ 



« « d 



We thus obtain F (z) 



^H(.) 



(j) (^z) =:^ e^'''\ where, when 



a 



n 



Z 



< 



(^u+i 



,V{z) 



IS 



an absolutely convergent double series of positive and negative powers of z^ together 
with logarithmic terms. 

Now, unless z be in the immediate vicinity of the zeros of the function, this 
expression, considered from the point of view of divergent summable series, will be 

valid for cdl values of 
form 



z 



. For, when 



7 



z \ 



> a;;, the expression of log ( 1 — -- ] in the 



a 



"f* 



rC- 



see ^j^ 



n 



sa 



See 



u 



Still exists as a divergent summable series outside the circle of radius | a, \ for all points 
except those near a,,. Therefore the form of P (z) exists continuously as }2^| increases, 
provided we do not cross the line of, or come within the immediate vicinity of, the 
zeros of the function. And thus, if we treat the series entering into the expression 
of P (z) as series which are summable though divergent, the expansion ivill he 
independent of n. 

Now the expansion may be written 



(X> 



r= — oo 



n 



t <f)r ('^^^) 



m =-z 1 



,6 , 



n 



Adhere (j)., im) is a function of m which depends also on r. Expand % <^r (^>^) 

111 — 1 

asymptotically in a series of successive differentials of c^j. [n) by the Maclaurin sum. 
formula, and rearrange the series. 
We shall get 

(A) a certain series of positive and negative powers of z, each multiplying terms 
like ^r (^^) dm ; and 

(B) an expansion consisting of a finite number of positive and an infinite number 

of negative powers of z, each associated with a constant arising from a 
corresponding Maclaurin expansion. 

The other terms depend upon n and vanish identically ; the coefiicient of each 
Bernouillian number is zero. 

When we apply the processes of divergent sum.mation which have been previously 
developed, the series which forms the group (A) of terms will reduce to a definite 
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(possibly non-uniform) function i// (z) (say). The remaining (B) terms form the 
summable divergent series 

00 A 

. XXp 






There will only be a finite number of positive powers of z since the genre of the 
function is finite. 1 



We have then 



00 ^.\ 



In other words 

log F (z) — ifj (z) 






admits the asymptotic expansion % -f valid for all points but those in the vicinity 

of the zeros of F (0). 

§ 45. The process just sketched will become much more clear when it is applied to 
various particular cases as in. the following pages. The proof may, by mere verbal 
alterations, be extended so as to include functions of simple sequence with repeated 
zeros. 

A function with a finite number of simple sequences of zeros can be expressed as a 
product of functions, each with a single simple sequence. The logarithm of each of 
these functions will admit an asymptotic expansion, and the sum of such expansions 
will be the asymptotic expansion for the logarithm of the function. But terms of the 
category i|; {z) may be of different weight in different regions, separated by bands of 
zeros, and thus the asymptotic expansions may differ in such regions, as has previously 
been seen in the case of the integral function 

00 ,pr\'\ 

§ 46. The general theorem which has just been given maybe proved par ?^ pa^v^w for 
integral or meromorphic functions with multiple sequence. We refrain irom formal 
proof, as the consideration of sucli functions is omitted from the subsequent develop- 
ment of this paper. 

Neither do I make any attempt to consider functions of infinite order, or expansions 
near isolated essential singularities of uniform functions. The difficulties which arise 
are all subordinate to the main necessity of limiting the type of function under con- 
sideration ; it seems doubtful whether it is possible to give any general theorem 
concerning integral functions and their behaviour near infinity, which will apply to 
every function which can be constructed. For exceptional classes must always be 
infinite in number compared with those which can be formallv defined. 

3 M 2 
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Part 111. 
The Asymptotic Expansion of Simple Integral Functions. 

§ 47. We now proceed to consider in detail simple integral functions. After the 
discussion given in Part I., we may confine ourselves to functions with a single 
sequence of zeros. 

We shall find that such functions divide themselves naturally into three groups :— 

(1) Functions whose order is less than unity, 

(2) Functions of non-integral order greater than unity ^ 

(3) Functions of integral order greater than iniity. 

In connection with each group of functions witli algehraic sequence of zeros we 
first consider a standard type with which all functions of the group may be 
compared. 

These standard functions are 



p^ (z) — n 



n — 1 



1 + 



n' 



5 where p > 1, 



Q. (^ 



n 

n=l 



Z 



{-)P zP' 



1 + ':rijp)e J/P + ---+ ^,,PiP 



5 Avhere p is > 1 and not integral, and p 



is an integer such that p + 1 > p > p. 



Rp{^) 



CO 

n 



1 + "i7p 



e' 



,iiP + 



. + 



pn 



.\9 



where p is an integer ^ 1 



For the logarithms of each of these functions we obtain in turn the complete 
asymptotic expansion near z ^=. co , We then show how all functions of the same 
order with algebraic sequence of zeros yield by the same method similar asymptotic 
expansions. And we indicate how it is possible to apply the same methods to Avide 
classes of simple functions with a transcendental sequence of zeros. 

S 48. The constants which enter into the analysis arise from the Maclaurin sum 
formula (§ 41), which may for our present purpose be written 






(j)^ (n) cln 



B d 



ys 



2! dm 



r V / /i 



I>/i-' 



d^ 



3/4-1 



{2t + 2)! ^^7?^3^+l 



(f/ (m) + 



9 a e 



.s* being any integer^ positive or negative. 

What we have called the Maclaurin restrictions for the function (f>{z) are always 
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supposed to apply. We shall call y^ the Maclaurin mtegral-limit for (fy^ (n). We 

(f)^ (n) dn, and call F^ the s"^^ Maclaurm constant for ^ (n). 
When 6^ = 0, we have the formula 



m—l 



t log ^ (n) =\ log ^ (n) dn-^i log (^ (m) . . . + ( ^ )^ ^ . _^+i_ -^-_^ log <l>{m) . . . 



n=l 



To 



(2^ + 2)1 dm^i+^ 



where Jq is the Macianrin integraUimit for log ^> (n). 

We put log Fq = log (f) (n) dn, and call Fq the absolute Maclaurin constant for 

When s is a positive integer and Li [<^~*(^^)] ™ 0? it is evident that y^s = — - oo 



Vj=CO 



and F. 



0. 



§ 49. In the particular case when (f) (n) = n^, p being real or complex, the 
Maclaurin constants are particular cases of RieiMANn's ^ function. 
For, for all values of s. 



m— 1 j[ 

•MMNf 



a^) + 



1 



1 






s\ 



(-riB, 



(1 _ 5) ^^^.^-1 2m^" ,ri \ 2^ / (s + 2 ^ -» 1) m^'+3^-i 



When 6' = 1, we have L^ 






m^-' 






log m 



7' 



We have also the special values 



C(o)=-| 



i {^) 



2? 



2-^-V^' 



si 



Bi.+j^5 when 6^ is an even positive integer. 



^(6') = 0, when s is an even negative integer, 

l^{s) = ^-^^^^^-^~^^^-~- ^ when s is a negative odd integer equal to -— (2t + !)• 



2^ + 2 



"VYe write, when ^ is any quantity real or com^Dlex, ^(— ,?) = ¥ (s), unless 5=1, 
in which case we put y = F {s). 



Simple Integral B\mctions of Finite Order Less than Unity, 

§50. Before we proceed to consider the general theory of the asymptotic 

I + ^p , where p > 1, Ave will 



expansion of functions typified by Pp {z) = 11 

n — 1 



-T «./ "i 



MR. E. W. BARNES ON INTEGRAL FUNCTIONS. 



consider the fimction F (z) ■= IT 
We have log F (2:) 



14- ^L which is known to be equal to 
fr 1 ^ 



e ""''}, 



■m — 1 



S loff 1-1 — -^4- S I02: 1 1 + '^o i ancL if m > 



ri. = I 



2^ ! "::s« 'W'^ 



7i = 'm 



we obtain on expanding the logarithms 



log F (z) = (m — 1) log 






2 % log n 4" S 



'/I'- 



e « 9 



^ 



-1 ^- % 



S;' 



,-^*' 



^ 



cr> 



JL V 



» = TO 



'M^ 



' + 



(■ 



\^-l .^jS 



0(i 






If now we employ the arithmetic asymptotic approximations given by the 

^ 1 



Maclaurin snm formula for log \{m — l)!}^ % ;^^, and S n^% we obtain, in the limit 
when k is infinite, 

log F {z) =z (m -— 1) log z — 2 : {m — -1) log m — m + log v^2tr + ^ 7- 



.^1 2r. 2r —■ Im/'^ 



,,2r-l 



+ S 



^ (-y~"^ J m^^+^ 



'W?/ 



00 



5=1 



sz^ 



2s + 1 2 



■) ' :;r:::; 1 ^ ' • 



(_y-iB, #^' 



^^Z'??'^^''' 



9?i^* 






1 -__L 

1(25- l)??^2^-i ~ 2^^ 



ST* 



(->'-J-B;. _#^' ^ .„^^' 



,,^1 2r ! clm^'' 



m 






log F (2:) = (m — 1) log z — (2m 



1) log m + 2m — log 27r 



til I, ^ 1 „„,«„ W"""-!. i „.J„ii„ — 



^-N? 



1) W 



,35-1 



>■ 



Wj - Jw b i * 



\ (™y' fw/ 









.'.'S 



0« 



tW-^ 



'^r=i (2r)l 



%r — -A 



2mJ f »«/ , t 

-JL— 



^^ \___l ± ^y,2. _ V v. i 



-1 ^..? 



8=1 



sz^ ckri^^' 



m/ 



8^1 



YJ- 



S 



drn?^' 



Ki.~2-y t 



J 



where we have re-arranged the terms of our double series in accordance with § 43. 
Now by the theory of summable divergent series 






711 



2s 



1 



m-^ . 



o^' 



ano. 



9.r —■ 9. ! 



4/ (-™y^- f^^*' 
m--^ ^ ^:,,^i, sz^ d-nr^ 



0. 



Hence we have, when m> is large, the approximation, asymptotic with i*egard to m, 



z 
log F (z) = m log -^ + 2m — log (2'?r#) 



4" 2 !^ ( ""^ ) 



5~i 



,s = l 



1 



1 



m 



2.?+ J- 



2s 2s + 1 



z' 



¥ 



1 



2^^ / m^'-'^ 
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or 



log F (z) = 



1 o i , o [1,4 i-ym^' 



Suppose now that 1 2; | is large, and that 



m^ = ze '^ where 6 = arg 2;. . 
is a large integer, a restriction which, as will be seen later, 



[This assumes that 
can easily be removed- 
Then, when 1 2; I is large, we have asymptotically 



log F (2) = — log 27r# + ^^6""*^ 



-Hier 



2 + s 



:/ (->'c-' 



s=-t 



•s + i 



2 



IT <c 6 <C 



TT. 



The sum of the Fourier's series inside the square bracket is, when 

equal to we'^ . 

Therefore, when j^j is large, we have asymptotically 

log F (2) = -— log 27r# + '^^^' 

§ 51. In the preceding investigation we have assumed that the Maclaurin sinn 
formula expresses asymptotically the values, when m is large^ of the functions 

log (m !) and S n^^ {s positive or negative). 

Accurately we have of course 

dy 



log m— I !rz:(m— -4) log /B—W+ 1<\? \/27r+ 



1 



I He 



■y^rty ][ 



log {^m + iij) — log (m — ly) 



ra—X 



w 



H=l 



and 



2^"+ 1 



m 



3* 



JmJ 



t 



1 





/•CO 



^^7/ 







^2:ry 



(ra 4- ,y)2^ _ (^^ _ ,^)3^ 



, when .s^ is positive ; 



,2s 



n — 'in 



W 



(2.9 — 1) m^'-- 



1 + : 



1 



%n^' 



1*00 



.^^^^ 

Try — 1 



(m -|~ L]/) 



~v>,S' 



(m — t?/) ^^ ! 



when 



.9 IS 



positive. 

Hence, in the limit %vhen k is infinite. 



log F (.) =: - log (2nz^) + 2m \ 1 + £^ ^^^-^^-j^} 






1 



/«00 



% 







^2^?/ — 1 



— 2 log {ni + I?/) + S 



, (-y-^Hm + t^/r 



.s>=:~-I; 



8 2 



6 Jo C^""'^ — 1 



2 log (m — t;y) + S 



:, (-y-^ {m -^ cyr 



sz 



V 



This formula is accurate and holds whatever positive integral value m may have. 
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Unfortunately we may not say that the sum. of an infinite series of integrals is 
equal to the integral whose subject of integration is the function to which the series 
of subjects of integration can be '^ summed/' The two integrals last written down 
can then only be evaluated by reducing them to an exceeding complicated extension 
of the type known as Dieichlet's integrals. The analysis is utterly intractable. 

If we make w^ = ze~~^^, and expand the subjects of integration in powers of z^ then 
we can say that the last two terms will not contribute terms whose order of 
magnitude when z is large is comparable with that of any positive or negative power 

of ^. And, as we know, the sum of these two terms is equal to log (1 — e""^""'^). 

The formula log F (z) = ttz^ — log (27rz^) is thus asymptotic exactly as the Maclaurin 

series for wi ! and S n^% from which it is derived, are asymptotic. That is, for large 

values of \z\, the expression 2;"'' flog F (z) — wz^ + log 2'jtz^} for all values of n tends 
to zero as 1 2; I tends to infinity. There is, in fact, Poincare's arithmetic asymptotic 
dependence. 

The preceding example will serve to show the nature of the asymptotic expansions 
which we can now proceed to obtain. 



§ 52. We consider first the function ~Pp(z) 
We have 



00 



n 



1 ■+■ 






n' 



where p > 1 



■m ~ I 



log P^, (z) ^ (m — 1) log 2: — p S logn 



n=i 



m~ 1 

-J" 2^ 



n' 



z 






{'~)n 



h—1^ pa 



O.'^ 



CO 



"J- Zi 



% :^- III 



'd 



4. (-r^^ 

a « I 



a=< 



1 !, S ■„, , and S nF^ Piven 



Therefore, if we substitute the approximations for log m •- 

by the Maclaurin sum formula, we shall obtain the expansion, arithmetically 
asymptotic with regard to m, 



log Pp {z) -=■ (m — 1 ) log z — p 



00 

(m — I") log m — m + log ^"Itt + % 



(-y-iB, 



y^i 2-?' . 2r — 1 m^*' ^ 



k .' , \s—\ 






m 



pS+l 



m 



ps 



- (~-y--iB, 



ps 



^ \ 



^ps+l 2 ' ,,^1 ps - 2r -f 1 \ 2/^ 



+ F (ps) 






i-Y'-'z' fm^p'^' 






m 



•ps 



S 



ps —- 1 



+ 1- + 



00 



("^-">-^B, l-ps\^ 



9, 



y=i ps 4- 2r — 1 \ 2r 



m 



-ps— 2r+l 
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or 5 log Pp (z) = (m ■— 1 ) log z — p (m -— |-) log m + p^^^ — p log s/^tt 

,^^Tci SZ' pS+lj s=^-Jc ^SZ' s==l SZ' 

^ r=i ?^^^^*"^ 1 2r . 2r - 1 ^ ,rl^. ps - 2^* + 1 \2r/ sz' J ' 

This expansion is arithmetically asymptotic with regard to m, and the coefficients of 
various powers of - are ultimately to be summable divergent series. 

Let now r = \z\ be large, and such that ?'p lies between m and m — 1. Then the 
modulus of ^- is a quantity which is very nearly equal to unity. We proceed to 



7' 

k / y*-! as h / y ps 

^^sum'' the series S' — ^ t\ • — -5 S' r. — > ^iid 



s^_^5.(ps+ 1) * s;5 ' 5=>.je 2s a!^ 



1 ^2r-l 



2r! <^m2'-i 



- < 



p log f?i + S ^ - Y - r • 



m'' 



Write ^ = log -^ ^ then the first series becomes 



Thus 






/(0.= £^,(-)-{--i--^^h--, 



and p -^4*? = '^' ^"^^"^r e'^'-^"' . 

' dt s=-k ps + 1 



So that 






If now we " sum '^ the last series we obtain 

f{t) = — p —^ \- t — id \ and therefore 

f{t) = Ae p -{- t -- id -^ p, where A is independent of t 
Whenf=0, fit)— ^ ~-^P^^:^e~'''. 

k / „.^ y — 1 k / ____ \s 

Hence /(0)= S' ^— ^- e-^'^+ p 2' -'^- 'r e"'"- 

S^~k ^ s^^k ps + 1 
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Now, by the usual theory of FoumEii^s series, p + ^^ "^ — -. e~''^ = ^jp, 



7. 1 . TT 

"~ "■ s + - sill 



provided — it <. 6 <C rr. 



P P 






Therefore f [Q^ -=1 ^ id — p 4™ 6^' 

sill - - 
P 

SO that. ,/(0 ^ "" ^^ P »]». i^ -^ {^ ^ p_ 

sin -- 
P 

1 
Hence 2 ^ — .. = - + los: ^ -— p= 

^' SUl - 

P 






The second series %^ -^^-- . ^-^-^^ is at once seen to be ec|ual to — -J log ^ 



And, since the term by term differential of a summable divergent series is equal 
to the differential of its sum, the third series vanishes identically for all positive 



integral values of r. 

1 



Thus, when |^ I'' lies between m and m ™ 1, or possibly is equal to the latter 
quantity, we have the asymptotic expansion, while — tt < arg ?: <i it, 

log Pp {%) = {m — 1) log % -- p {m — |-) log ra + p^^^- -^ p log ^/27T 



^ ..,.0 ,..,0 I 



,p 4 (^)-1I^(ps) 



or 



.-j™ __^_„-^.2:p + m log ^j-~^ — pm — -J log --^- + S 
sm - 

log Pp (2;) = - — - zp — p log v 27r — "I log 2; + S -"-7'"- - e 

sin — 
P 

Thus, when j z \ has any large value, and — tt < arg z < tt, we have the arithmetically 
asymptotic expansion . 

II i 1 + — [ = (277) -^ zT' e^'^^ip s=i 5/ 

§ 53. The approximation represents an arithmetic not a functional equality. It 
does not vary with the argument of ^, and it exists everywhere in the neighbourhood 
of infinity except at points on or near the line of zeros of the function. Not only 
so, but at points on the line of zeros of P^ [z) which are not in the immediate vicinity 
of one of its zeros, both the function and the asymptotic series have arithmetic 
continuity, and therefore the equality will hold at such points. These results accord 
with the general theory developed in Part 11. 
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The series for log ^...---^.p-.^ll..^ifLl can be ^Ssummed^' by the methods of Part II. 

^ r TT 1^ 



[BUI IT IP 

The function just written tends to zero near its essential singularity ,^ = 00, and the 
same will be true of the function which we get by any process of summation. But, 
in general, the function derived from 



S ^ 4, F{ps) 



will not be equal to the function from which the series has been obtained. 



00 



Since F (ps) = C (— P'^), the series is equal to t ; z"--^- r (I + sp) r^----A dx, 
the integral being taken round the fundamental contour of § 24. 

The series is thus equal to -^ G (x^z) "7—^^ r: , where G (z) ^ t T (ps) r/. 

The series for G (z) is divergent and of order p. The integral is interesting in that, 
in place of e'~'''\ we have used (e' — l)""^ as our auxiliary of summation. 

§ 54. We noAv pass on to consider the most general simple integral function with a 
single sequence of non-repeated zeros, whose order is any number (zero included) less 
than unity. 

1 



The function may be written F (z) = 11 



71 = 1 



1 + 



<^ {n) 



, where t ^^^y^^-~ [q absolutely 



convergent. The n^^^ zero, ■— (jy (n), is a definite function of n and any finite number of 
given constant quantities. 

Suppose that if r ^ (f) (n), then inversely n ^ \fj (r). 



Let 



z 



R and suppose that m is a large integer such that m — 1 < t// (R) :^ m. 



00 



Then log F (^) == t log 1 + 77- 

n=:i \ #0^), 



z 



TO— 1 / 

% loff ( 1 + . ^ , 

n = l \ #0t)^ 



00 



"Y" 2^ lOg^ I L -j- 







n~vi 



cj^iny 



SO that if we expand the logarithms in convergent series we shall get 

log F (z) = (m 



m ~ I 



+ t 

n = 1 



CX) 



+ t 



n — m 



m - 1 

- 1) log 2 -- t log (f, (n) 

n — 1 




r<(> (n) 03 (n) (-y-i <^» (n) 1 




• 



Now, by the Maclaurin sum formula, if s be positive, 



m—l 

t. 

n = 1 



t ^'{n) 



Hi 



y. 



T> 7 T> J'^Z + l 



where y, is a constant quantity, depending on 5 and the form of # {n), which we have 
proposed to call the Maclaurin integral limit for <!>' (n). 

3 N 2 
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If s be negative, we have 



CO 



rm 



% (j)' (n) - 



n = m. 



7. 






where y^ = 00 , there being no term independent of m on the right-hand side. 
And 



m~-l 



rm 



51=1 



S log </) (n) = log (f) (n) dn — |- log ^ (m) 



yn 



B/ ^72^+1 



log ^ (m) + . 



Hence, in the limit when k =z oo 



log F (z) = (m — 1) log z 



•lU 



Jo 



I- r/ y- 1 rrii 



s-l 



1 

2 



00 



SZ' 



(j}^ {n) dn + 



log (f) (n) d.n 



y. 



S 






log (^ (m) + t 



5 = 1 









1 (-) 



f-1 A.S' 



s=l 



s^'" (m) j * 



Now, when the limiting values for h ==: 00 of the summable divergent series 
are taken, 






L_^_ d>> (m) + ^Jr\ 



- log <^ {m) 



log 1 



, <^(™)\ 



z 



z 



log (1 + ^ („^^^ 



log <^ (m) = — log z. 



Hence, asymptotically, 
log F {%) = (m ■— J) log ;<J — I log ()!> {n) dn + S ( — )'"^ 



yo 






'?;?. 



S Z' J ^-s S(^'' {%)^ 



y. 



m 



(m - i) logz - [n log ^{n)X + l^/^^(^)" 



+ t{-r' 



s=l 



i^^(n)% 



sz"" 



in 



y-' 



5^^ (w) 



'/;? 



A; 



%{-y 



s=l 



r^ 



y. 



nx^f ^(n) 



r'?!. 



;^ 






(i<^ (71) 



u-y 



= - I- log ^ + [n log (^ (n)]^^ + ^ ^ [<^^ {n) n 



1 sr 



7* 



^ 4> iyo) 



{' 



t 



$^i 



'^ {m) 



4> iy,) 



is-l 



^ (0 ~;r<^^^+ 



'<j> (m) ^s, 



^ 



't(0 



^ (■y—s) 



?5 



.s+1 



dt 
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Now, where i|r (t) is a given form, and such that we can integrate expressions like 
\jj (t) f^dt {s positive or negative, but integral) we need only carry out this process 
and *'sum" the ensuing series of positive and negative powers of z to obtain the 
dominant term of the asymptotic expansion of log F {z). If, however, i// {t) is not 
thus formally given, we have to face the difficulty that the lower limits of the 
definite integrals are different quantities. The lower limits, however, corresponding 
to negative values of .9, are such as to give rise to zero terms. If, then, we consider 

only indefinite integrals of the type i/; (i^) V -? and take care that in any trans- 

J T' 

formation of these we do not introduce arbitrary additive constants, we may take 
the asymptotic expansion in the form 



log Y {%) 



no 

I log z 4" log (p {n) dn 



t ------- (f>' (n) dn 



s-l 



SZ 



^.■, 






t 



55. It is the integral 



^■=00 ^ 



'^^''''^ 'f {t) clt 



t 



1 +S' 



s=~X- 



« 



which gives rise to the dominant term of the asymptotic expansion of log F {z). 



This integral is evidently equal tolA 



k — CO • 



'> (^'^) f it) clt 



i-t 



■Ic 



A ^•+r 



z 






1 + 



z 



Suppose now that z = re'^ and take t/x = log 



z 



, the logarithm, when t 



having a cross-cut along the negative half of the real axis, so that 



t . 



t^ = log " -|-. TTt ■— id, where log - is arithmetic. 



k=co 



P'°«^*^'^''-^^{..'<->)^HL(L±iV^^. 



bin <> fA> 



Now the form of the dominant term I does not depend on the quantity log ^^^^-^" 
which vanishes when r is sufficiently large. We have then 



C7T — 9 



I =L< 



, . . .^ sin (k + I) II 7 
^ ^ ^ sm I fi ^ 



an integral of the type first considered by Dimchlet.^^ 



^ 



V. ' Crelle,' vol. 4, pp. 157, et seq. 
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The theory previously developed in Part II. tells ns that this integral must, qua 
function of z, be independent of 9 ; in other words, when — tt < ^ < tTj that 



"Lt 



Ctt 



i\\i {z e^^ ""7 - — 7-~i dyL 

A— 00 - 7T-9 Sin 2 /^ 



0. 



But this is precisely Diiiichlet's result : we thus have a valuable verification of 
our theory. 

Finally^ then, the dominant term of the asymptotic expansion of log F {%) is the 
function 






Since we may evidently change the sign of t without altering the value o? f {z) we 
have 



f{z)=^U 



/j=» 



9. 



sm v/ jjb 



i^v kA/t 



Now xjj is the function inverse to ^. If, then, we suppose that { and r) are 
determined from the relation 2;e'^''"^^ = (^ (^ + ti^), principal values of inverse 
expressions being taken, and ^ and t) being functions of z and ja, we shall have finally 

sill (Jv + I) /^ 



/(^^) 



T 4^ 



^ 



01.11 T>" iX 



djjb^ as the simplest form in which we may write f{z). 



There is no doubt that it is possible to construct functions ^ (n) for which the 
preceding analysis will not hold good.^^ It would appear, however, to be applicable 
to most of the types of functions which would ordinarily arise, and a more accurate 
investigation will need the exquisite finesse of certain developments of the theory of 
functions of a real variable. 

Note that, for the case in which ze'^'""^^ ^^ (^ — 177 )% we have established that 



©111 



IT 



L 

ZP . 



P 



1 + 



^ (^0. 



§ 56. The dominant term f[z) of the asymptotic expansion of log n 

n-=l 

takes a very simple form for the case in which '^^{t) can, when t is large, be expanded 
in descending powers of t in the form 



#(0 



t^ 



a-^ , ci'o 



«o + ^ + :=:• + 



, where p > 1 



We have the asymptotic expansion 



m— 1 



■* We have assumed, for instance, that we can applj?- the Maclaurin sum formula to S </> (w), and, 

« = i 

therefore, that the conditions of § 41 are satisfiech 
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•yo 



^ log z + log (f) (n) dn 



+ 



i (zi)- 



.S=:^l 



6'. 



'>■ 



^^ (n) dn 



''^ («^^ -i/r (0 dt 



1 + s 






S=:^l 



;<;*' 



p 



/ -• 



Since (j() (m) is a very large quantity we may utilise the expansion of xjj (t). The 
integral last written is, therefore, equal to 






6 P 






■«r^ 



■ = ,1 
( 






a. 



TT 



•«r^ 



2 

= 



J' /I 

<jf)'' P (m) I sill'' ( -- — r 

( — V'ci^,. 2;p 

sm — 
P 



TT 



sm 



TT 



ZP 



1 



t' 






.s=^~/,; 



^^ 1 



] 



'^ _ i P 



If, then, we introduce the Maclaurin constants, log Fq = log ^ (r^) dn 






(f)^ (n) dn^ we shall obtain the asymptotic expansion 



00 

n 

'"=1 L 



1 + 



<^00_ 



r 



= YqZ '' exp 



7r;<; 



Sill 



1 

p 

TT 






GO 

+ s 



(-r^F, 



.S^-1 



O.v 



Such values of the many-valued functions introduced are to be taken as would be 
indicated by the analysis. 

§ 57. It is evident that the investigation of § 54 applies to all simple integral 
functions whose primary factors need no exponential to ensure convergency. Thus 

it includes all simple functions of order - , where p is real positive and > 1 with 

algebraic zeros. It includes all simple functions with non-algebraic zeros of the type 
given by a,, == [an^ + hvf' + • » •] (^'^'^O'"' where r and p are both real positive and 



> 1, (T is positive or negative ; where I'' {n) denotes log {log {...r?.}}...}, these 
being r repetitions of the logarithm, and where p, p^, . . are decreasing quantities 

- 00 as a limit. 



tending to 
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But, because of the validity of the Maclauriii sum formula, it includes simple 
functions with very rapid convergence— such as those for which 



e" 



c'H 



a^ = ef X \ function of n of lower order than e^ j 

§ 58. We can now extend the result which was obtained in § 52, and find an 
asymptotic approximation for a simple integral function Avith an algebraic sequence 
of zeros, that is to say, of a function of which the ?i^^' zero, — ct,,, admits, when n is 
large, an expansion of the form ci,, = n^ + b^n^"'' + h^~'^" -)-♦•'? where p is greater 
than unity and the quantities e^, €2? • • • ^^® ^^^^^ positive and in ascending order of 



agnitude. 




We take a.n = 


- (j> (n) r 


1 

n — TP - 





<^ (n) = r so that, by reversion of series. 



p + 1 ~ 2ei &/ 1-2^1 



k 



1 



-eg 



2 



T p 



- T p 



P 



I 



1/.1 (r) (say). 



Since, when s is positive, we may expand cC directly by the binomial theorem, 
we have, when m is large, 






/i^l 



u=l 



n 



ps 



SOifl 



p^-H j^ ^y: ^ 71^'^^^'' + sb^n^'^'^ + 



« s e 



'm 



(^' (n) dn 4- F (ps) + s\ F {ps — ej) 4- ---- 6|^F (ps— 2ei)+s63F (pS— eg) + . . 



2 



^^ (7?.) dn + F (p^) + Z ( /), s ; 



C"j y Lfrs ... 



2 ^ Z(> 27 + 2 1 dm^^^- 



Y (^^ (m). 



where Z (p, 5 ; ^' ^ * ' ' ] is a definite finite quantity vanishing with the quantities 6, 

which can be expressed in tetms of a series of Riemann ^ functions. 
Again, when s is positive, 



00 



1 



n^m^H"^) 



<^~' {n) dn 



^"'(^0 s (-yB;+5 6^3^+1 



And 



m~l 



t log ^ (r?.) 



ri:=l 



m—1 

t 

71—1 



U/(' — 


2 




p log % 


+ 





lo 2^ + 2 1 ^m3^+i 



^=0 



(j>'^' (m). 



7 " 






^2 

2'?^'2 






log (^ (f^) dn + -^ log 27r + 6x F (— e^) — ^ F (— 2€j) + &3 F (— €g) 



4-1 



2 "^ ,f; (2^ + 2) ! 6^77^2^+' 



log <p (m) ; 



/ 



and we shall |)ut Z ( ; 



1' 2' • * ' 



7 O 



&^ F (- eJ - -.^- F (- 2ei) + ^.^F (- e,) + • ■ • 
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If now we substitute in the general formula 



log F (z) 



7o 



1 log z 4- log ^ {n) dn ■— % — -~ — <^' (n) dn 



s=l 



SZ^ 



+r*f"i'-h-y{i+T)] 



€i , €c 



we shall obtain log F (2:) = — i log z — -'„ log 27r — Z ; ^' ^' * " * 



•(|, (m) / 1 



"4- S — z.r~" -^ (P"^) "4" S -— — - — Zi 



5=1 '^'•' 






h 



1™« 



P P 



p — €1 h^ i~?fL \ Izifi 



2 2 



^ p 



^ p 






And when we sum the Fourier series which result from, the last integral, we find 



log F {z) = — |- log z 



" log 2. -z(o;^;; ;»■;;) 



J^' i^ 



e^ 60, . . . 



s-l ^^ .5=1 ^^ \ ^1? t/o, . . ./ 



TT 



1 



-j- - - - ZP 



sm 



TT 



P 



P 



Izii 

Z P 






7r5j^^ /) + 1 — 2e| 



l-2ei 
^ P 



5o7r 






^3 



Sill TT 



Sill TT 



1-2^1 



■^ sm TT ^ 



* « • 



§ 59. This expansion is valid for all values of any z which lie between — tt and tt. 
It is arithmetically asymptotic in the same way as the expansion from which it is 
derived. 

We see from the results just obtained that the asymptotic approximation for 



log n 



1 + 



Z 



a- 



'n 



00 Z 

, where a^ = n^ + h^^"^' + • • • exceeds that for log 11 1 + ^ — by 



n=l 



nPj 



a quantity whose first term is — Z ( ; /' /' ' ) vvhen e^ > 1, and by a quantity 
whose first term is 



P 



1_^ 

Z P^ 



sniTT 



1 — 6j 



when e^ < 1. 



When Ci — 1, the difference of the two asymptotic approximations commences with 



the indeterminate form — 



iTT 



e 



sin ird^^e^o 



which arises from the integral 



pi i I 8:=~k 



ty 



lyo 
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But this integral is equal to 

log (f) (m) + t ~ — ^7^ = log y W — log 



s=~h 



1 ~J" 



(f> (m)' 



■y 



+ log 



1 -p 



z 



(p (m) 



= loo; z. 



Thus, where €1=1, the difference of the two asymptotic approximations commences 
with the term — hip~^ log z^ a result which may be obtained without much difficulty 
by elementary algebra. 

Note that ■— bip~^ log z is the expression obtained when we reject the infinite part 



of the function 



^'i 



TT 



p SIHTT 



for ^ = O5 when expanded in powers of 9, 

^i> ^3 • • • 



Note also that the constant Z ( : 7' 7"^ ) which, when e^ > 1 is the first term of 
the asymptotic expansion of the logarithm of the ratio of our two products is 
equal to S log - . 



n:=l 



By means of the formula x > log (1 + ^) > --^^^ , where x is a real quantity lying 



1 + -^ 



between i 1, we may prove that this series is absolutely convergent when p > 1. 



Application to Functions of Zero Order. 

I 60. Hitherto no example has been given of a function of zero order, although the 
general investigation of § 36 applies equally to functions of this nature. In such 
cases it becomes necessary to introduce Maclaurin constants of a complexity which 
seems, except in special cases, beyond the reach of present analytical processes. They 
can no longer, as for functions of finite order, be expressed in terms of Riemanh's 
t, function nor, I believe, in terms of any functions which have so far been introduced 
into analysis. An example will now be given of a very rapidly converging integral 
function. It obviously would serve as the starting point of a series of interesting 
researches dealing with the classification of simple integral functions of zero order. 
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61. We propose to obtain the asymptotic expansion of the function n 



In the notation of the general theory we have now ^} (n) 
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Therefore 



log (f) {a) = ^^ ; S log ^ (n) = 
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By the Maclaurin sum formula, if s be positive, 
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where 0^ is the Maclaurin constant corresponding to e''% which may be determined as 

(m 
e:"%ln =: e"Y^^, we have C, = (1 — e')"~\ 
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If then we carry out the general process, we shall obtain the asymptotic expansion 



00 



log n 



1 -j- 



Z 



e 



n 



(m — 1) log z 



'w^ 



m 



9 9 / J ^ 



; (-) 



s-l 



§,z^ 



-G, 









(-) 



s-l 



SZ' 



e""^ dn 



e: 



ms 



(m — 1 ) log z 



-f- — -+- z, -t- z^ _- . -, 

5=:1 '^'^ 5=-;.' '^■v V O 






2 



^^ 



9 



As before, we have to ^^sum^^ the final divergent series. We take j 2; | to be a 



large quantity such tliat 
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is very nearly equal to unity, and then we consider the 



Fourier series 1,^ —■ 
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Therefore we have the asymptotic expansion 
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or finally* log IT 
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§62. It should be noticed that if, in the function whose asymptotic expansion has 



QO 



thus been obtained, we substitute e^ for ^, we shall obtain the function n 
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1 + 
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This is an integral function whose zeros are of the form 



z =: n -\- (2m — 1) TTi 



n 



— X f Zjj Oj . . . GO . 
I ^^2. = — 00 , . . . , 1, 0, 1, ... GO . 



It is substantially what I propose to call Lambert's function. The function has 
properties which are a sort of mean between those of the elliptic and double gamma 
functions. 

We can express Lambert's function as a product of two double gamma functions. 
It is closely connected with the well-known Lambert's series, and in terms of it w^e 
can express in a very elegant form the coefficients of capacity of two spheres. 



"^ The dominant terms of this result are equivalent to those given by Mellin^ *Acta Societatis 
FenniciBj^ t. 24, p. 50. 
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§ 63. The reader will notice that in the preceding analysis we have used the 
methods and not the result of the general formula. 

The reason is that with an exponential subject of integration we are unable to 
ensure that we do not introduce arbitrary additive constants when the indefinite 
integrals are transformed as formerly. 

For in this case ^ (n) = e^ and ^ ('^^) = log n ; 

t 

We are tempted to say that this integral is equal to 



and we have to consider a series of intepfrals of which the first is 
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^ log [^ (m) t^ dt 
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log ^ (m) + log t 



dt 
t 
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whereas we only avoid introducing an additive constant by saying that 
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log [<^ (m) t\ dt 



i [log'- (^ {m) t)[ 
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I 64. The integral function just considered is the most simple function of zero 
order. In carrying out the algebraical analysis of a theory of such functions, it would 
be necessary to consider the types 
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The asymptotic expansions for these successive functions are of successively lower 
orders of greatness— they are never, however, of so lov/ an order as z'\ where n is 
finite. This agrees with the known theorem that an algebraical polynomial is the 
only uniforn function of such an ordei*. Unfortunately, unless we introduce new 
analytical functions defined by definite integrals, we cannot investigate formally 
asymptotic approximations for such types ; and until the properties of such new 
functions are investigated, we but express one unknown form in terms of another. 



Simple Integral Functions of Finite Non-integral Order Greater than Unity. 

§ 65. In the investigations to which we now proceed of simple integral functions of 
finite non-integral order greater than unity, the theoretical considerations which 
have been given in detail for functions of order less than unity will for the most part 
be suppressed, and for brevity only the bare analysis will be written down. 
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We consider first the standard function Qp (z) = n 



1 -p 
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i/p 



e -'^ 






where p > 1 and p is an integer such that p + I > p > p. 
Let z = Re'^, and suppose that R is very large. 
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Take m an integer such that m — 1 < R^ m. 
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and hence 
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Now, when '?ii is a very large integer. 
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And, when s is positive and greater than p, 
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We use these Maclaurin approximations and rearrange the double series which 
results as the arithmetically asymptotic approximation for log Q^ (z). We obtain, 
in the limit, when the limits of the summable divergent series are taken for k infinite, 
the asymptotic expansion 
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i<^g Qp (^) = (^'^^ ~" 1 ) log ^ 
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We suppose now that 7717^ is a quantity which, when m is very large, is ultimately 

equal to unity. Then we may '' sum," as before (§ 52), the Fourier series, which are 
the various coefficients in the preceding expansion. 



We have p % 
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, provided p is not integral, 



TT <^<7r. And --J S^ ' ^^ (-"^--' 



2 log 
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and provided •— tt < ^ < tt. And — i ^^ ' ^ ' -- '^ — - ^ 

Also, exactly as before, the coefficient of Bi^^j in the asymptotic approximation 
for log Qp (z) vanishes identically. 

Therefore we have, provided -- rr <. K tt, the asymptotic equality 



log Qp (z) = (m ~ I) log ~^,,p - m -^ I log z 
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Thus, provided — tt < arg 2: < '^, w^e have finally 



log Qp (z) = 
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Sill TTp Ip 
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This expansion is exactly analogous to the one previously obtained for log P^ (2:) 
and is to be regarded in the same way. It must be borne in mind that n^''^ has been 
assumed to be the arithmetic p"' root of n. Had any other root been taken — say 

2i7riT 

the arithmetic root multiplied by co = e , where r is an integer, we should have 



obtained the asymptotic expansion 



P 



Qp(^) 






aP 



e p 



z 



1/2 



TTZ 



00 



exp \ "v^^ — + S 



, ( - y-' «•' 






F 



5 



< -TT, %,e,^ when —.77 + - < c7 < tt + 
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valid, when — tt < ^ - 

The expansion is thus valid everywhere except along the new line of zeros. 
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§66. We proceed now to investigate the asymptotic expansion for 
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where a^ is such a function of n^ cf) (n), let us say, that S ~^j:^, converges, and % 



p-e 



diverges, however small € may be, p being real, finite, positive, non-integral, and 
greater than unity, while p is an integer such that ^ + 1 > /> > j9. 

Suppose that the result of reversing the equality r = <^ {n) is to give n = xfj (r). 

Let m be a very large integer, such that m— 1 <^\Jj'{\z\):^ m. 

As previously, we have 
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Substitute now the arithmetically asymptotic approximations given by the 
Maclaurin sum formula, and we have 



log F {z) =. {m ■— 1) log z — log (j) (n) dn + ^ log (j> (m) 
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In this expansion y„^ is infinite, and there is no corresponding Maclaurin constant 
if, and only if, .s* > p. 

Use indefinite integrals and transform by integrating by parts in the same way 
and under the same restrictions as in § 54, and we get 
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The final integral gives rise to the dominant term of the asymptotic expansion. 
As formerly, it may be written 
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If we denote the valne of this integral by f {^^, and if we put 
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we have the final asymptotic equality 
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§ 67. We notice the exact analogy between this expansion and the one previously 
obtained in the case when the order of the function is less than unity. The only 
difference arises from the Maclaurin constants. In the former case, all the constants 
corresponding to negative values of s were zero; in the present case, the first p of 

them are formed from asymptotic expansions like S j^^ = (^"""^ {n) dn -{-,,, ^ and 



')i=l (^n 



y-s 



give rise consequently to finite constants ; wliile only the remaining ones, formed 

cc 1 rm 

from expansions like — S —^= (/)"' (n) dn -^ , , . are such that y^,s ^=^ oo . 

. We notice also the great elegance with which Weierstrass' exponential factor 
enters to ensure the finiteness of the expressions obtained in the course of the 
analysis. Could we conceive an attempt to investigate, for functions of order greater 
than unity, the theory which we carried out for functions of order less than unity in 
the first paragraphs of this part of the present paper, we should at the outset be 
forced to invent again Weierstrass' great theorem. 



ipplication to Functions tvith Algebraic Sequence of Zeros. 



§68. We will now evaluate the first few terms of the asymptotic expansion " for 
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where Z ( p, — 5 ; / ;^^ ) can be expressed in terms of Riemann ^ functions, or the 
equivalent Maclanrin constants F by the formula 
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As formerly, we put 
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so that ^ log 2tt + Z (0) arises as the Maclaurin constant corresponding to the 



asymptotic expansion for S log ^ {11), 

Proceeding exactly as for the case when the order of the function is equal to unity 
we see that the asymptotic expansion of log P (2;) is 
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this expansion being valid when ■— it < arg z <Ctt. 
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Thus, when p — e^p^ ]j, the first term of the expansion of the ratio 
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which is readily 



§ 69. The expansion which we have obtained is valid for all points except those near 
the line of zeros of the function and for all finite values of the cpiantlties h and € such 
that a.^i has a finite value. It must be carefully noticed that when any term becomes 
infinite through the occurrence of sines of integral multiples of it, we must revert to 
the genesis of that term to find the true form of the expansion. Thus, when 
p — pe^ -=: p^ the first term of the ratio just considered is that which arises from 
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where the double accent denotes that the terms corresponding to <s r=: and ^^ 
are to be Wiitted from the summation, 
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Let us put p :^ p + e, where p is a positive integer and € is very small. Then we 
have, retaining only first powers of e, 
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The term which we seek is then the value of 



- &ip<^^^(m)(-)^ 



z \P 



(j) (m) 



log z = {'-')^'^^b^pz^log z. 



Tvph^ 



This is, of course, the term independent of 6 in the expansion of -r- 



zP^^ in 



ascending powers of 6, 

In exactly the same manner, if /> — ne^ (^^j) '^^ ^i^ integer, the corresponding term 
of our asymptotic expansion must undergo the same process of evaluation and will 
give rise to a logarithmic term. If one of the e^s, say e^^ is equal to />, we obtain in 
the asymptotic expansion a corresponding logarithmic term 

— pl>Jc log z. 



Simple Integral Functions of Finite Integral Order. 
§70. We proceed now to consider the standard function 
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where p is an integer 



Let z =: re'^ where r is very large, and let m be a large integer such that 
m — 1 < r^ ^ ni. 

Then, employing the same process and argument as before, 
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and in accordance with the definition of § 49 we put y = F(— • 1). 

If, then, we suitably modify the analysis formerly employed we shall obtain, when 

3 P 2 
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the limits of the siimmable divergent series as h tends to infinity are taken, the 
arithmetically asymptotic expansion 
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where the double accent denotes that in- the corresponding summation the terms for 
which s = and s =: — p are to be omitted. 

As before, the coefficient of B^+^ vanishes identically. 
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It is then only necessary for us to consider the series 1 
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If we put t — log --- , we may write this series in the form 
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Eemembering that a summable divergent series may be differentiated, we find 
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where A is a constant of integration. 
Now when ^ = 0, 



S I «-«» I 



^-1 



s=--./(; 



1 



5 



A. 
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and, by putting ^ = in the Fourier's series^ which we considered in the precedin| 
paragraph, we see that this is equal to — - + ^^ — 



Therefore 



m = (-r'e 



~1 ^—pi 



—j— t 



[ ^ 



SO that 



I, (-y-' rr^'^ 



s=.-Ic SZ' S 



i-r 



~j~ -L 






l ■ . m''''1 , , m'/" 1 



LP 



log ^.^^.^ -|- log 



Revert now to the asymptotic expansion for log Rp {%), 
We find on substitution that 



1 



log Rp {z) = (m — 1) log z — -~ {(m — |-) log m — m -^ ^ log 2#} 



+ 1^ ^ -^" F (^ + i-^y-h^ llog ^' + i 



+ ^^'l ( log -; I + 



loff ^^^ ) 4- ^ -^- logm 



z 



pf 



JL 

2 



m}'' 



ff --^^ 



And thuSj when p is an integer, | z | very large, and ■— tt < arg ^ < ?r 



logR,(2;) 



1 

2 






As formerly, this expansion is, in form, independent of the argument of z, 
I 71. We may easily deduce this theorem independently as the limit of our former 
results. 

Take the asymptotic equality 



00 

n 

It— 1 



1 4-. 
r n^ 






^.+ ... + l"-^>^ 



72,1/P 



e 



n 



1/p 



V~l 



P- 



"in P 



00 



(27r) 2p z ^ e 



«• ,p . ^/ (~) 



,j~i 



2^ + 2 



SlHTrp 5_„p^l ^^S 



(f) 



where p lies between p — 1 and ^. 

Put now^ p = ^ — 6 ; then R;^, (2;) is the limit, when € vanishes, of 



n 



— +...+ 



Z 



X -|-. J 



\ 



e 



u 



p-e 






tl 



p — e 



(™« 



P 



X n e^'*'' '. 

»=1 
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It therefore possesses an asymptotic expansion which is the hniit, when e 
vanishes, of 



■rrzP- 



(-,): 



{27r) ^1'-- S-* exp |-^^(^tI7) + "l,"" ^ 



P 



00 



.p-e, 



—p ^ 



' ^-tiyI 



(27r) '^p z ^ exp 



(- zy log z + ^—^'^^^ ^^ + t 









F 



.?2' 



J^/ 






= (27r)-^~i.-i exp ^ (- 2)^' log z + (-)''-';-■ + t' "^-{^■^'^ 



s=— 2' 



(.')}• 



^ /^l — 1~. 



1 



y + terms which vanish 



remembering that F (— 1) = y, and that L^ 

when s := 1. 

We thus obtain the same asymptotic expansion as in the previous paragraph. 

Note that we have obtained our expansion by making p increase np to the nearest 
integer. If, on the contrary, we make p decrease doivn to the nearest integer, there 
is no breach of continuity in the introduction of an additional exponential factor. 
Thus we have 



QO 



Rj, (z) = Li n 



e^O n-l 



"'- -^ + ... + 
1 



(-0) 



P 



1 "-]-" 



Z 



e 



,^i)+e 



■p + e 



n 



■p -F e 



and therefore we have the asymptotic expansion 



R^ (2;) = Ijt (27r) 2p+e z i exp 



s 



e^O 



sin TT (29 + e) s^^p sz' \'P + ^ 



\ 1 



Now, unless s = — - 1, F (5) = ^ ( — 5) ; and therefore we have asymptotically 



n,{z) 



Lt (2.)-^ z-^- exp \i-Z^l(^±lJ^±±:,A + (~^^ 



e = 



F 






CD 



+ t' 

s~—p+l 



^ ^- F 



(27r)-2^ ^"* exp \ (-zf log ^ + ^-^-^^-^--^ + S' ^^V 



,^^ -f- € 



F 



F 



the same expansion as before. 

This paragraph is instructive in that it shows how the asymptotic expansion calls 
for another exponential factor in each term of Weierstrass' product as the order 
passes through an integral value. 

§ 72. If now it is desired to construct a function which is the natural extension 
among simple integral functions of the ordinary gamma function, we take 



' (~fj 



r(^lp) 






s=l 



« 2^ » aA 



n==l 



J «i««Ais^ 



^Q 



iMp 



n 



e 
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And now the asymptotic expansion of T {z\p) when \z\ is very large and 

IT < arg 2; < TT is given by 



(~y F / ^ \ . ('~^) 






P 



e 



When p = 1 , this formula is exactly the asymptotic expansion of V (z) for complex 
values of z, which, as stated in § 3, was first obtained by Stieltjes. 
For, when s is an even positive integer, F (,9) = 0. 

When s is an odd positive integer = 2t -{- l.let us say, F (s) = ^ ^ , 9^^ . ^. ^ 0. 

And F (-— 1) = y. 

Thus, when p = 1, V (z\p) becomes V {z), and the series S ^^~~-^-^ JP / -^j becomes 

s-l S^ \ P / 

t ---^-^--,^---1+1 ^ _ . which accords with the usual result. 
§ 73. It is obvious that we can now at once write down the asymptotic expansion 



CO 



for G (z) =: U 

1 



z 



I + 

\ a 



"-*" nr • • • 1^ -- — — ■ 

(9 a,i «„p 



n/ 



, where a^^ 



tl2^ 



1 . k 4. *? , 

J- T- .,ei -r n.62 n^ • • • 



and 



p is an integer, from the corresponding expansion for the function in which 
1 

z UP 



a, 



n 



i+^^T + ... 



and p is not integral. The € s, of course, are assumed to be 



positive and in ascendinp; order of map:nitude. 
The result is 



00 



log n 



z 



j I ■ .I ■ J /? tt'tl 



r . . . + 



ftnP 



— {'-)^ z^' log z + {—y-' - 



p 



'tj 



1 "^ ( — Y / s 

-J- lo2r z ■— ^^ log 27r + t' -—:-" F 



2p 



S=z-p 






P 



^ ^ sm 7rpe| » \ / 2 sm i^r^e-^ 



|)~2eip 



^1' ^3 • • • 



€j, 63 . 






S~~-'p 



provided — ^, -^ ... be not integral (ti = 1, 2, . . , od ). 

Thus, €j not being integral, the first term of the asymptotic expansion of the 
quotient 



CO 



n 

log ^ 

00 
TTT 



<W< i |' lll » l « 



z 



an a»P 



a, 



'n. 



Z 



1 + -T 1 ^ 



i/p 



n 






IS — %^ Lip, p; / , 



> 



-^ , ^i> %> • • A 



00 

We note that Z { p, 2^ ', ?' ^^' ' * ' ) = ^ 



1 _ 1' 
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When p€i is an integer, we see on evaluating the limit which arises, that the 
dominant term of the asymptotic expansion is still the one just written down. For, 
in this case, the only other term which might be considered first in the asymptotic 
expansion of the quotient is ( — )^'"^^p&j ^^^""'^^ log z, which, since e^ is positive, is of 
lower order than 

r 

§ 74. It is now evident that, if we are given any simple function of finite integral 
order, we can find its asymptotic expansion. The analysis just given solves 
completely the case of alg^ebraical zeros. When the zeros are not algebraic we may, 
and, in fact, we shall have to introduce new analytical functions defined as indefinite 
integrals ; but there will be no essential difference in the theory. 

It should be noticed that just as we have to take the principal values of the 
algebraically many- valued expressions which occur in the asymptotic approximation 
for functions of non-integral order, so we must assign principal values to the 
logarithms which occur when the functions are of integral order. 



Part IV. 
The Asymptotic Expansion of Repeated Integral Functions, 

§ 75. As has been stated in the general classification of Part I., an integral 
function, which is such that its #^ zero is repeated a number of times dependent 
upon n^ is called a repeated function. 

If the number of sequences of zeros be not infinite, the function is called a simple 

repeated function ; and it is t)bvious that such a function may be built up of 

faniilfioiiB, eacVi of w\iic\i possesses a single sequence of zeros. We shall limit 

ourselves to the consideration of sucli functions. Tbe order of simple repeated 

functions with a single sequence of zeros has been previously defined. Taking this 

definition, we consider, in turn, in the ensuing paragraphs, functions 

(1) of finite (non-zero or zero) order less than unity, 

(2) of finite non-integral order greater than unity, 

(3) of finite integral order greater than or equal to unity. 

And, finally, an example is given of the asymptotic expansion of a repeated 
function with a transcendental index. 

Inasmuch as the principles which underlie the analysis are exactly the same as 
those which havB been previously discussed, we shall give but a bare outline of the 
methods by which the results are obtained. 
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Simple Repeated Functions of Finite Order less than Unity, 
7Q. The most general tunction of this type may be written 



F {z) = n 



v = \ 






where the principal value of each term is taken when /x^, is any function of n ; and 
where a,, is a function of n which increases without limit as n increases, and which is 



'11 

00 



such that S i^;,/^;, is absolutely convergent. The function is of finite (or zero) order 

less than unity ; and, when /x,, is an integer, its n*^' zero is repeated fin times. 
We take 

a,, = <^ (^). 

When r = (f) (n) we suppose that inversely 7l = xjj [r). Suppose that z = Re'^, then 
if we take m to be a large integer such that //^ — 1 < xjj (R) < m, we have 

m-l m-1 m-l f a ^^ '^ I Z 

log 'F {Z) = 2 lln log Z — ^ /xjog <^{n) + S IX,, log 1 + - ) + t IJLn log 1 + - 

n = \ n=l ii = l \ ^ / n = m \ ^n 

We carry out our analysis in a manner which depends exactl)^ upon the argument 
previously employed in the corresponding case for non-repeated functions. 
We have at once, in the limit when k = cc ^ 

m-l m-l m-l k / _ V-l . . ch>Uoi\ ^ ^ ( V~Sy s'* 

logF(.) = log. S /x. - S ^^og4>{n)+ t 2 ^--^--^^> + t t ^ ^./f . 
Now, if s be positive, 

"m-l rm "g d^^+^ 

t^fin<}>'{n) = J fiu^'{n) dn - i/x^(/>* {m) ... + {-J ^^-^^ ^^^i iim<\>' {rn) + . . . 

where js is a constant depending on .s and on the forms of /x^ and,<^ {n). 

We call js the s^^'' Maclaurin integral limit for ^i^ and <^ l^n). If s be negative, the 
previous expansion will hold, but in this case y__^ = oo , and the constant term vanishes. 
Again we have 

t fi,, log (f>{n) = iin log (^ (n) dn — ^firn log (f){m) + ... 

71=1 Jyo 

2^ 4- 2 ! t^m^^+i 
and 

m-l rm ^ ^^3/+ 



+ i-y ^'^ iz^i i^^^^s'f' H + ' ' ' 



'*-i rm jy^ 6fc^^+^ 



71=1 J [fa 
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AVe sliall find it convenient to pnt 



i^rii 



fXn dn 



)/ (m), so that fi^ dn =rr. i^ (g^^^i 



M (say 



And now, if the hmiting A^aiiies when k 



X) of the 8inn.]naJ)le diverp^ent series he 



taken, 



log F {z) -: log 



z 



'ill 

jj.,, dn + M - -J/x,, 



'm 



7o 



lu log <^ (n) dn + ^''' log <f) (???) 



-^ V Z, 



lJi.„(jy'' (n) dn — ^ ji.,,(jf (m) 



y. 



■^ 



(-)' 






• ■.9 



'm 



fl 



n 



dn 









/X./^ log ^^ (^^^^ — M';« log Z+ 1 



V 



(—)' rM'm<i>'0^o 



.'!"[ 



,s 



¥i^'^) J J 



The last term vanishes as for the corresponding case of non-repeated functions 
After reduction, we have 



log F (z) ^^ log z 



ft;^. dn + M 



I F-iv. log (jy ('/i) dn 



' yo 



* .-^ ■*,■-■' 

S--1 '"^ I V Y^. 






t' y - 



■^^H'O 



r?/?,. > 



M loff z + 



■Yo 



/■ \ K- 



fjin log f/> (?2) riw. + 2 ;x I fi;//>- {'n) dn 



s=i 



SZ' 



•r/>(m) ,, 



X[^(^)J^^^ 



The last integral 



i ■~j~ 



4/ (■::)■''!■ 



>£>^ 



.srr-/,' 



r-n- 



L^ i x[^(--^^^^)" 



I G 



/■=x 



Bill (/; + 1) (f) 
sin 1^ 



/ {z) say. 



If then we put log Fq == 



fro 



a„(j/ {n) dn^ so that Fq and 



jjL„, log (f) (n) dn, ¥s = — 

F,. may he called the zero and s^^' Maclainin constants for /x^, and <^ (n), we sliall have 
the asymptotic approximation 



cx> 



n 



1 + 



(V 



CL 



CO (-f "^1^^ 
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§ Tl . Consider now, as an application, of the general formula just obtained, tlie 



x> 



asymptotic expansion of II 



nrs-A 






iV 



where cr and p are real positive quantities 



X) 

such tliat 2 'ii/'^^ is convergent, ajid, therefore, such that p > (j + 1- 



,i~A 



With our former notatior 



1 1 — - m'^ 



X 



(m) 



jjii^ dii 



xb {t) = t"^, 



X i> (o; 



<T -f 1 
t P 

cr + 



vi 



a+l 



a -f 1 



The constant g^ arises from tiie asymptotic equality 



ni — l 



1, n 



-■.or 



rill 



ih 



(T 



'">■■ 4- ± ^ )J''-^ '-'- rrf 

2 ^ iZo (2t + 2)! d^nP'" ' 



tin — ..--^^- -r ^ /o. 



and, therefore, J 



x(^o) ~i{— cry 



Similarly iJLn(l>' {ii) dn = — { (— p6* ~f- cr). 

The constant yQ arises from the asymptotic equality 



o 



y/A 



/i"" log ??> c^n 



7» 






.) •■:-o 



We may I'eadily sliow tha;b 



'70 



n"" log n dn :=:=:: ^' (— cr). 



For, as has been stated, for all values of s, 



i^) 






6"\ (-y-iB 



>/ 



ye~: 



:1 ^^' 



11 1 o 



If, then, we put .^ =: cr + ^, and expand each term in powers of t, we may equate 
coefficients of similar powers in the identity. "^^ 

If we equate coefficients of the first power, we find 



U^) 



lit- 



:^ lo<>' n 

s; .,_._, V 



n^l 



■n 



jy 



m 



1 



log rri 



.(]- 



o 



,.,3 



1 



a 



1 

;, _ log m + 2 7 



OD 

ST* 



(-)'B 



3/+1 



(¥^-^^ Ion' m 



17/1 



^0 2^ -f 2! (Im^^-^^ nf 



■^ n 



Compare the process carried out in §§ 27 and 30 of the " Theory of the Gamma Fiinction, 



33 



3 Q 2 
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or, cbanoiiiff o' into — o- 

7 r T CI 



1? 



')}?..- 



'■m 



S n"" log n 

n = 1 



n"^ lop' w dn 



r(-cT) 



til 



cr 



„^ log w^ 



—I™' ^^, — ;:::"T.z"_;".;,..--::^.r:.v"":' -— — -r- «5'W 1^ 



<r=0 ^ 



Off ?1?. 






8„ JivJL vApC? 



'To 
72,^ log S citl = ^^ (— O"), 



We have, therefore^ 



00 / 

log n 1 + 
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Z 



W 



n 



or 
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a) log z + pl^ ( 



cr) + ^ ^-^j-" ^ ( — p6' + cr) 



^^ 



0" 



1 

+ 1 



(m) 



n~l 5^' 



ff + l <r+l 



Z P 



dt 
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Yp 



The last integral is equal to 



[> (m)[ 
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p 

o" 4" 1 
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S^--k 
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"(|) (m)]' p 






TT 






(J + 1 


sill 


TT 
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1 



0-+1 



O', 



.4> ("0^ 



p 



ffW 



ir + 1 

Z p 



Sill '/r . 



(T 



4" 1 o" + 1 



Thus we have the asvmptotic expansion 



CO 



11 






y \ n"-! 



TT 



cr I- 1 
■i p 



^-^(-^)^P6^'(-^)+ 2i ^ I - a-'-ps+<T) + sin ^^^- <r+l 



e note that the first term of this product vanishes when cr is an even integer. 
§78. It is now possible to write clown the expansion of 



00 



H=r1 



1 + 



z Y'^^ 



nP 



where /.i,, is algebraic and of the form c^ n"" + a^ n''' + c% n*^-^ + — • > in which 



cr > 0"i 



'^5 



For such a function is merely the product of the 



'X: 



ciq^^ power of II 



ltr=i 



1. "-J-" 



n" 



cr- 



the cCi^* power of li 



71=^1 



., \ 



' + .;) 



,<ri 



and so on, 



MR. E. W, BARNES ON INTEGR'AL FUNCTIONS. 



485 



We note that the constants which enter will be expressible in terms of the 
coefficients of [jl,, and values of the Riemann I function. 

We might now investigate the asymptotic expansion of a repeated function of 
finite order less than unity with algebraic sequence of zeros of the type 



a^ =z= n^ 



'n 



l^h + k-r... 



n 



n 



H 



where the quantities e^, e^, . . . are real, positive, and in ascending order of magnitude. 
The analysis is, however, such an obvious extension of the corresponding result of 
Part III. that it may be at once supplied by the reader. 

Repeated Simple Functions of Finite Non-integral Order greaMr than Unity. 
§ 79. We next consider the asymptotic expansion of the function 



00 



F («) ~ n 



n — 1 



i -|- 



Z \^'' 



a. 






ni 



n, 



where p < p < p + 1, and p is such that 



M 



% --^^Ve is convergent, and % 7 .3,; divergent 



'v^ tt'-i 



» 



when € is a small real positive quantity. 

The analysis is an obvious modification of that employed in § 66. 



cc i-f ' ^. 



We find F {z) = Fq z""' e/^'^^JL, 



P a z 



, where a,, = (j) (n), x i"^"^^) 



Cm 
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n OA^^ 



m - 1 



p.,, dn + M — I /x,, + . 
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t /X;, log (j> {n) = ji,, log (jy {n) dn 



logFo 



i [J^m log <!) (ni) + .. , , 
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f(z) -- Lt i 



l-^.c^ 






§80. As an example, we may consider the function 



CO 



F (2) = n 



ft=i 



1 + 



Z 
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n 
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)'nl 



, where - _ is not nitegral, anclp < ^ <p+i 



T 



T" 



Tlie order of the function is 



cr 



+ 1 



T 
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We have 
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X (^o) = C ( 



cr), 



VI' 
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T n'^ log )i -f- \ T rf log 11 dih 



[-a'' log n + 
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l,{— TS+ (X). 



(T "j~ I. 



And, as in ^77, f{z) 



TT (V -f 1) (cr -f T 



Thus the asymptotic expansion of F (z) may be wi'itten 
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?. .t)^: 
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Note that 



c(o)* = -i, r(o)t 



-| log 27r. 



1 



Hence, when a- =^ 0, r "^ ", we get the asymptotic expansioi 
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rC'io-), 
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■»* V )>. 
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.P 



2 ^-esmVp''--'irpi"g'^''+Jl/" ^,, 



.(":) 



which agrees with the expansion of § 65, 



Simple Re/peated Fimctions of Finite Integral Order. 



§ 8L It is obvious from the investigations of §§ 70 73 that the asyinptotic expansioi 



» 



obtained in § 79 for 11 



1. 4- 



^/i 



.^. ^ 



a, 






, where p K p K p + 1 and /> is such 



tliat X ^l^\^ is convergent, and 2 —p^e divergent, will hold in the limit when p =::p, 

provided that in any terms which become infinite we reject the infinite part and 
keep only the corresponding finite expression found by applying the usual methods of 
the calculus of limits to the subsidiary .E\3ui'iei" and Maclaurin series. Consider, for 
examj)le, tlie function 
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(T 



e' 
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rib-^^i 



lit, 
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licre 



a 4^ 1 



rj" 



Che asymptotic expansion obtained previously was 

'^ " Theory of the Gamma Function,^' § 27, 
t IhiiL, % 30. 
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cr+1 



TT 
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iNow, when 



<T + 1 



T 



r p = an integer, 
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TT (cr -f 1) 
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2: -^ 



becomes infinite. 



We have then to substitute a corres)3onding finite expression derived by proceeding 



1 . 



to the iimit in the infinite terms of the subsidiary Fourier series. When is not 



iutegral, the series and its equivalent value are given by 
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When is integral, this series, omitting the term for which .v 

T 

summation, is equal to the finite ])art of 
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in the second 
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when € =::^ ; that is to say, it is equal to 
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We thus replace 
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Again. since cr is a positive integer, the only term of the form 
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Ts) s = — p, . . . — , 1, 1, 2, . . . O) 



ich becomes in finite is that for which s =:= — p. 
This term is 4 (+ ^ )? which arises from the Maclaurin series 
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We have already taken account of tlie substitution of log m for ^ ^ . ^^;^:__-^ ; we need, 



1 



S 1W 



therefore, only replace 4(+ ^) ^^J 7- 

We have then the asymptotic expansion 
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in Avhicli — - and or are both integers, and is the '^ genre '^ of the function. 



T 



Tt is interesting to notice that the constantKS which enter into the asymptotic 
expansion of this very general function are all values of the Riemann ^ function. 

§ 82. When r "" 1, the function is to an exponential factor an important function 
which I have proposed to call the cr-ple G function. These G functions are derived 
from the multiple Gamma fiuictions by the coalescence of the parameters. The theory 
of the simple G function has been developed elsewhere''^ in the second of a series of 
papers on Gamma functions. 

In that development I took. 



G (^ + 1) ^ (27r)'^' e 



z . z+1 



gS 


rjo 


""■ / 




\ 


\ ''^ 


.-,•2"" 


¥ 


11 
r> r^ 1 


(1 


t^at&BSS) 


z 


}'- 


2n 



and obtainedt the asymptotic expansioi 
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where A is the Glaisher-Kinkelin constant. 

Putting cr = T = 1, the asymptotic expansion which we have obtained for the 
same function in the present para^graph is 
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■^ ' Quarterly elournal of Mathematics/ yol. Sl^ pp. 264 et ^eq. 
t /Z)^d, § 15. X ^^^d., § 23. 
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And, since A is given by the identity, 



TO — I 

t n log n ■=^ log A + 

n = 1 



m^ m 



m/ 



2 9. 



- + -^\ ) log m ~ , + terms whicli vanisli when m m 



infinite, we have log A 



Thus the asymptotic expansion of the present paragraph may be written 

log A. + 2 log 2iT + f Y — T2 ) log ^ — -^ 



_1_ 

i 2 



■^ ,f 1 2s . 2s +■ 2 ^3«* 
We thus obtain a valuable verification of our results. 



Re/peMed Simiole Integral Functions of Transcendental Index. 

•m 

83. It is obvious that such a function as 
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z \in 
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is of infinite order when a,;^ is algebraic. 

If, however, a^, is of the same order as c'\ the order of the function is finite, and can 
therefore be expanded in the neighbourhood of infinity by our methods. 

We shall take, as an example of repeated functions of transcendental index, the 
product 
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This function is of order p, greater than or equal to unity. 

Suppose fi.rst that p is not an integer, so that p is the integer next greater than p. 
Then without former notation 



And 



m— 1 
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(z) z= --^~-'- eP'^"^ 
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where we take the limit when k = 00 of the summable divergent series. 
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Thus 
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Also — F^ is given by putting a i^^ p -^ s q in this same expansion. 
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Again, by substituting a + e for a, expanding in power of e, and equating 
coefficients of the first power of e in the asymptotic identity (1), we readily find 
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If, then, p is not an integer, we have the asymptotic expansion 
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§ 84. Suppose next that jj is an integer- 
course, be slightly more complicated. 
The constant F_^ will be given by 



"SO that p = p. The analysis will, of 
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And we shall have 
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the double dash denoting that the terms for which 
We therefore have 
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We thus have the asymptotic expansion 
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We have now P:iven examples of the asymptotic expansions of repeated simple 

c^ X «y X X X X 

functions with transcendental index in the cases when the order is or is not integral. 
And it is evident that such examples might be multiplied indefinitely. In the 
more complex cases the difficulties of the analysis will, no doubt, be very great ; but 
such difficulties in no way invalidate the theory which has been developed. 



Paet V. 
Ajjplications of the Previous Asymptotic Expansions, 

§ 85. We proceed now to consider some applications of the previous theorems to 
such questions concerning integral functions as have been raised in the Introduction 
to the present paper. 

In the first place, a knowledge of the asymptotic expansion of a function serves to 
determine the number of roots which it possesses inside a circle of given large radius. 

Let us consider the simple example of the Gamma function, for which we have the 
asymptotic equality 
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in which the terms neglected on the right-hand side are of lower exponential order 
than those retained. 

By Cauchy^s theorem, the number of roots N within a circle of g^iyen lar^e radius 
r is determined by 

N = ,' f.flogrWA, 



fc>' 



the integral being taken round the circle in question, 

.1 
Now we may, to terms which vanish exponentially with -~ , substitute for F (2^) its 

value given by the asymptotic expansion. And this expansion is valid for all values 
of z for which — tt < arg z <C tt. It is also valid right up to the two limits of arg z^ 

1 
provided the circle on which z lies passes between two consecutive zeros of 
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If, now, z = re'^j we have, to terms which vanish exponentially with ? 
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Therefore, to terms which are ultimately exponentially small, 






Of course we know independently that 
the number of roots is the greatest integer 
less than 1\ And the entrance of the 
term ^ might have been predicted a priori^ 
for when the circle of radius r passes 

through a zero of :^ . . we jump from — 4 

1 \Z) 

to + "I as we integrate round a small 
circle enclosing this zero. 

§ 86. It is interesting to notice that the analysis verifies itself in the same way for 
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the function F (z) = 11 1 •+■ 

n — 1 



e/' 



which, by a change of the independent variable, 



reduces to Lambert's function. 

For this function we have obtained the asymptotic expansion 

log F (.) = i (log .)^ - 1 log . + '^^ + i ^"2' ^'. 



Therefore r loi^ F (z) = -----^ — - + S ;."^. 

. The number of roots within a circle of radius r is, therefore, to terms which are 
exponentially small when r is large 

ir. LJ[T '"' + ' r ^'^ "■ ^ ''■' "^^ = ^"8- '• ~ i 

Since the function has no zero at the origin, we should have predicted the occurrence 
of the term — -|-. 

§ 87. We may now prove that, if the dominant term of the zero of an integral 
function is algebraic and such that the zero is of non-integral order p (where p is 
neither zero nor infinite, but greater or less than unity), then the number of roots of 
the fanction within a circle of large radius r is to a first approximation 



sill 7?"p 
TT 



log 9^ (r), 



where (^ (r) is the maximum value of the modulus of the function on the circle in 
question. 

There are two cases to be considered according as p is greater or less than unity. 
We take the former, the axgument will hold in detail for the latter by changing p 

1 
into ~~'. 

P 
Let F (z) be the function in question ; then, under the conditions enunciated, 

los: F (z) is equal to . — z^' + terms of lower order. 

^ ^ ^ ^ sill Trp 

Hence N, the number of roots required is, to a first approximation, given by 

:-^ - rp er^ LcW ^ 7'p =: ^"i^ log 6 (r). 

_,r sin TTp r^ CD I \ / 

We thus complete and prove Boeel's intuition. 

§ 88. When p is an integer, the preceding theorem ceases to be valid. But we can 

now prove that the number of roots to a fi];st approximation is ---——. 
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For, the same conditions still being supposed to hold good, log F (z) has to a firs 
approximation been proved to be equal to 



t 



( — zY log z + ( — )^'""^ '^ + ^-~- z^' + lower terms. 



And therefore 



Hence, to a first approximation. 
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log F (z) = ( — )ppz^^^ log z + lower te^rms. 



1 



N 



^^' 



TT 



p { — Y e^''^ T^ [log r + t^] ^^^^ 



-TT 



( -- rY ~i~- e' cW ^z- tp = ~-f^-^'~ A 
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■IT ■^■^'tj 



which establishes the theorem in question. 

§ 89. In the two preceding paragraphs we have assumed that we were dealing 
with non-repeated functions. 

From the analysis of Fart IV. it is, however, evident that the theorems hold 
in toto for repeated functions, the order being that which has been assigned to such 
functions. 

We cannot, of course, attempt to prove the theorems for functions of multiple 
sequence until we have investigated the corresponding asymptotic expansions. 

§ 90. We may next write down a number of theorems relating to two or more 
integral functions. 

It is obvious that the sum of two or more integral functions of simple sequence is 
an integral function of order equal to the largest order of the component integra. 
functions. We may replace additive signs by those of subtraction if the two 
component functions of largest order are not identically equal. The large zeros of 
the compound expression are to the first order of approximation equal to the large 
corresponding zeros of the component function of largest order. 

The product of two or more integral functions of simple sequence is an integral 
function of order equal to the largest order of the component integral functions. 

The number of zeros of the equation 

h^ {z) ¥^{z) + h^ (z) Fg. (^) + . . . + h, (^) F« {^) — 0, 

where the F's are integral functions of simple sequence and the Jis algebraic 
polynomials, within a circle of large radius is ultimately to a first approximation 
equal to the number of zeros within that circle of the function of largest order, 

§ 91, The expansions which have been obtained may be utilised to give a proof of 
Borel's extension of a theorem due to ViCAim.'^ 

^ PiCARD, ^ Annales de FEcole Normale Superieure,' 2 ser., t. 9 (1880). Borel, 'Acta Matbematica/ 
t. 20, pp. 382-388. 
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The identity 

i G. (^) e^^^ ^'^^ = 0, 



t==i 



in which the G's are integral functions of simple sequence of any finite or zero order 
not greater than some number p. and the functions H, — H/, are polynomials of order 
greater than p or transcendental integral functions, necessarily involves 

Gj (z) :— Gg (2;) = , , . == G« (z) = 0. 

Since the identity holds for all points in the plane of the complex variable 2;, we 
may consider it in tlie neighbourhood of z = co . 

Suppose first that the G's are functions of simple sequence of non-integral finite 
order. 

If p, be the order of G^ (z), we shall have near 2: = cc the identity 

t e«^^^pt ''' -- 0, 

where we have neglected in each term terms ot lower exponential order than those 
retained. 

The identity will hold for all values of arg z such that z is not within a finite 
distance of the zeros of the G's. 

The functions H (2;) by hypothesis cannot be equal to one another. As z tends to 
infinity, one of them must become infinite to an order which exceeds the order to 
which all the others become infinite by a quantity of order greater than z^. 

The corresponding term (say) Gj (z) e^^'^'^^ is then infinite to an order greater than 

the order of any other term of the identity S G, (z) e"^ ^'^ = 0. 
Since e^^^'^ cannot vanish, we must then have G^ (z) = 0. 

n 

The same argument may nov/ be applied to the identity t G, (z) e"^^'^ = 0, and it 

may be proved successively that all the functions G vanish. 
And thus the theorem will be proved. 

When any of the quantities p are integral, a suitable modification of the formulae 
in accordance with § 73 shows that the theorem is still true. When the Gs are 
repeated functions, a corresponding modification again establishes the theorem. 
When the functions Gs reduce to constants c,, so that p = 0, the theorem is still true, 
the functions H being unequal. 

§ 92. We pass now to the consideration of the resemblance between an integral 
function of simple sequence and its derivative. 

And I would remark that, in the same manner as Rolle's theorem is proved, it 
may be established, that the real zeros of such a function with real coefficients are 
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separated by zeros of its derivative. [It cannot, however, be proved that the derived 
function has not other real or a (necessarily even) number of other imaginary zeros.] 
This theorem I shall not prove, as it is not connected with the main developments of 
the present paper. We proceed, however, to show that such developments complete 
and to some extent verify this extension of Rollers theorem, and that incidentally 
they furnish many criteria as to the nature of the derivative of a given integral 
function, 

§ 93. Let us consider, as an elementary example, the function of genre zero and 
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, where p > 1. 



We have the asymptotic equality 
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Remember, now, that it has been proved in Part II. that we may differentiate an 
asymptotic equality of this type, and we obtain 
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retained tends to zero as | ^ | tends to infinity. 
From this expansion we see that 

(1) Pp' {z) is of the same order as Pp (2:), 

(2) The zeros of P/ (z) are such that, when n is large, we have with the usua 

notation a^^ = r?/^ -f- (p "^ l)rif'^^ + lower terms. 

Not only so, but theoretically, by finding successive terms in the expansion for 
Pp' (0), we ought to be able to determine the form of its n^''^ zero as nearly as v/e 
please. Practical difficulties vfill, of course, arise when we come, in the asymptotic 
expansion, to a term which arises from a transcendental term in the n"^ zero of P^' iz). 

Note that the formula for a., mav be readily verified when p = 
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The large zeros of Y^ {%) are approximately those of cosh 7t\/%\ and the latter are 
such that, with the usual notation, a,, = ?i^ + ri + i* 

We notice that the general form of a^^ given above shows that the large zeros of 
Pp {z) separate and are separated by those of P^' (z\ a fact which agrees with the 
extension of Rollers theorem. 

§ 94. From the preceding example it is now evident that we are in a position to 
prove that, for all the types of integral functions of which asymptotic expansions 
have been obtained in this memoir, the order of the function is equal to the order of 
its derivative. And not only so, but we are theoretically in a position to determine 
as nearly as we please a formula for the (large) n^^^ zero of the derivative. It would 
be tedious to consider in turn all cases which can arise : we will take one or two as 
typical of the rest. 

As an immediate corollary of the preceding example it may be seen that the 

1 
derivative of a simple non-repeated function of order - less than unity with algebraic 

zeros of the type a^ = n^ + dn^"^ + . . . is a similar function of equal order, whose 

zeros are typified by &^, == n'' + {^ + P -^ 1) ^^^""^ + • • • 

§ 95. As a suggestion of the possibility of extending the expansions of Parts III. 
and IV. let us next write down the first few terms of the asymptotic expansion of 

where a is any quantity of finite 
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The expansion will be (§ 68) 
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By the employment of extended Riemann { functions of parameter a, it is impossible 
to give a form of this expansion which shall incKide all powers of a, analogous to the 
expansion of log F (2; -f- a), which involves Bernoullian functions of a as coefficients. 
For brevity we content ourselves with the preceding first approximation, 

§ 96. By differentiating the expansion for log P (z)^ given in § 68, we have at 
once, as is evident by the preceding paragraph, 
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Thus the asymptotic expansion for log P^ (z) is given by 
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Thus ~- P {z) is a function of the type 



00 



n 



2; \ - Jl + 

1 + — - ! e ^« 






'n 



where &,^ = n 



i/p 



X "~|~" 



^1 , \ 



n 



n 



^2 






r*!. 



i/p 



/5% 



1 » 1 

+ higher powers of 



71 



Thus the differential of an integral function of order p (> 1), where p is not 
integral, is itself an integral function of order p whose n^^ zero, when 71 is large, will 
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p — 1 



differ from the corresponding zero of the original function by the term — 

together with terms involving lower powers of n. 

In an exactly similar manner it maybe proved that the function R'^ (sj) admits 
an asymptotic expansion of which the dominant term is 



^P 1 00 ( — v~i / s 



(_)Pp,(-^)-.P-.v. exp. (-)-> L + log log . - ' log 2n + t ^-^^ F (-1)| , 



SO that R'p (z) is of integral order p. 

The term log log z in the exponential just written down shows that we shall come, 
sooner or later, to a transcendental term in the expansion of the n^^ zero of R'p (z). 

Similarly the theorem may be established for the general simple non-repeated 
function of finite integral order. 

As regards the application of the same methods to simple repeated functions it is 
only necessary to notice that corresponding to a zero k times repeated of the original 
function there will be a zero (^ — 1) times repeated of its derivative. 

§ 97. We have now to consider whether the derivative of an integral function, all 
of whose roots are real, can have zeros other than the real zeros which by the 
extension of Rollb's theorem separate the roots of the original function. 

For this purpose let us consider the difference between the number of roots of P (z) 
and of P^ (z) within a circle of very large radius r. 

This number will be N = .7 - i -r loff P' (z) — ^ lo£ P (^) I dz 

27rt} [dz ^ • ^ dz ^ ^ ^ \ 
1 f d. Y (z) 

->- — Jog -^y^^ dz^ where the integral is taken round the 

circle in question. 

Now by examining the various cases which can arise, it may at once be seen 

d Y {z\ 

that the asymptotic expansion of y log ~:^f- is given by (p ~ 1 ) log z + terms which 

vanish when \z\ = go . Therefore to a first approximation we have N = /> — ■ 1. 

If then the function P {z) is of genre p, its derivative can at most have only p zeros 
besides those demanded by the extension of Rollers theorem. 

And therefore when p is odd, P' {z) can at most have only (^ — 1) imaginary roots. 
In particular when P {z) is of genre or 1 , P' {z) can have no imaginary roots, t 

From this theorem coupled with the expansion given in § 5 and the equality 

dz z'^ z'' ^ 

* BoREL, ' Fonctions Entieres/ p. 44. 

t Laguerre, ' (Euvres/ t. 1, pp. 167 ei seq. 
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we see that all the zeros of -^^^~ are real if the zeros of -^ — are real^ — a theorem 

due to Macdonald.^ 

If the function P (z) be multiplied by an algebraic polynomial with real coefficients 
whose degree is q, the derivative of the product can at most have only p-^q imaginary 
roots. 

§ 98. So far we have only considered integral functions whose roots are all real and 
negative. If, however, we have an integral function all of whose roots lie along 
a line other than the negative half of the real axis, a change of the independent 
variable will at once reduce it to an integral function all of whose roots are real and 
negative. 

If then an integral function of genre p have all its roots but q lying in a sequence 
along a straight line through the origin, its derivative will at most have p -^ q roots 
which do not lie along this line. 

§ 99. We now conclude for the present the applications of the expansions which 
have been obtained. There are many questions which are still to be discussed— for 
instance :— 

( 1 ) Functions of infinite order ; 

(2) Functions of multiple sequence ; 

(3) Asymptotic expansions deducible from linear differential equations ; 

(4) The rate of increase of the coefficients of the Taylor's series expansion of an 

integral function ; and so on. 
Investigations in connection with each of these questions have been tentatively 
undertaken — notably by Borel, Horn, Hadamard and Poincare. And I find it 
possible to extend, by the methods of this memoir, many of the results which have 
hitherto been obtained. But such investigations I leave for future publication. 



* Maodonald, "Zeros of the Bessel Functions," *Proc. Lond. Math. Soc.,' vol, 29, p. 575. 



